























































































































































































































Theorem 10.5 (Bjgrstad, Dahlquist and Grosse) With the above notation, if c((]j) # 0
for 3 =0,....,k—1, then

si,n) —s=0n"") asn— oco. (10.21)

Poof. By induction on k, the proof follows from Theorem 10.4. O

Example 10.2 We apply the iterated Aitken 6% process and modified Aitken 6% process

to the partial sums of ((1.5). We give s,, T,gn_Zk) and sln_l) in Table 10.2, where
v +tha ﬁrﬁt 11 terms. we o 3

.)’ LLIC oL 11 uLC lllD’ wcC v

modified Aitken 62 formula.

Table 10.2
The iterated Aitken 6% process and
the modified Aitken 62 formula applying to ((1.5)

n S, T,En_%) 35"—1)

1 1.00

2 1.35 2.640

3 1.54 1.77 2.6205

4 1.67 1.90 2.6159

5} 1.76 2.14 2.61232 9

6 1.82 2.19 2.61237 657

7 1.88 2.33 2.61237 560

8 1.92 2.36 2.61237 53431

9 1.96 244 2.61237 53475 B
10 1.99 2.46 2.61237 53487 16
11 2.02 2.539 2.61237 53487 10
12 2.04 2.524 2.61237 53487 17
13 2.06 2.525 2.61237 53486 04
14 2.08 2.522 2.61237 53486 13
00 2.61 2.612 2.61237 53486 85

10.3 The automatic modified Aitken 62 formula

The main drawback of the modified Aitken 6% process is that it need the explicit
knowledge of the exponent 6 such that

. ] o :
Sn~S+n Zn_]] (10.22)
j=0
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where 8 < 0 and ¢o(# 0),c1,... are constants. Drummond[15] commented that for a
sequence satisfying (10.22),

1
= +1, (10.23)

As,,
A <A28n_1 )

where the sign = denotes approximate equality. Moreover Bjgrstad et al.[4] show that

On~0+n"2Y" =, (10.24)
i=0

where 6, is defined by the right-hand side of (10.23) and to(# 0),?1,... are constants.
Thus the sequence (8,,) itself can be accelerated by the modified Aitken §% process
with § = —2 in (10.17¢).
Suppose that the first n terms s1,...,s, of a sequence satisfying (10.22) are given.

Then we define (tgcm)) as follows:

Initialization. t(()o) = 0.

Form=1,...,n—2,
m 1
tg ) _ +1, (10.25a)
A Asp,
<A2Sm_1>
(m) (m) 2k 4+ 3 Atgcm)Vtgcm)
beyr =t — , (10.25b)
2k +2 Ar{™) — wl™)
kE=0,...,|m/2] -1,
where Atgcm) = t§€m+1) — tgfm) and Vtgcm) = tgcm) - tgcm“l). Then we put
9 ifnis odd,
W =9 (10.26)
i) if n is even,

where k = [(n — 1)/2]. Substituting @, for 6 in the definition of the modified Aitken &2
formula (10.17), we can obtain the followings:
(0)
=0.

Initialization. Sno =

Form=1,...,n,

s = 5mm, (10.27a)

(m) _ (m) 2k+1—ay AS&ZBVSS:Z)
Tk Tk T ok —ay, Asl™) — ggm)”

k=0,...,|n/2] —1,

(10.27b)
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where Asmg = 35:?1) _ 35:"2) and ngzz) — 35:2) _ sg?k_l)-

This scheme is called the automatic modified Aitken 6%-formula. The data flow of

this scheme is as follows (case n = 4):

S1
ss N 0 = t
N
s3 — 0 = tgl) N,
N N
sq4 — 6B = tgz) — tgl) = oy
st = "’1(113
(2) > (1)
S2 = S84 = 843
(3) > (2)
S3 = S40 — 841 AN
(4) > (3) > (2)
S4 =S40 TP Sg1 T S42

For a given tolerance ¢, this scheme is stopped if n is even and

stk = skt | <€ (10.282)
or if n is odd and
sox ) = s < e, (10.28b)

where k = [n/2].

A FORTRAN subroutine of the automatic modified Aitken 62 formula is given in
Appendix.
Example 10.3 We apply the automatic modified Aitken 62 formula to the partial sums
of ¢(1.5). We give s,, ay, in (10.26) and sg’lk_k) in Table 10.3, where £ = |n/2]. By the

first 11 terms, we obtain 11 exact digits by the automatic modified Aitken 62 formula.
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Table 10.3

The automatic modified Aitken 62 formula

applying to ((1.5)

n Sn On SE:,:k)

1 1.00

2 135

3 1.54 —0.544 2.55

4 1.67 —0.5071 2.604

5 1.76 -0.50015 2.61218

6 1.82 —0.50001 3 2.61236 00

7 1.88 —0.49999 9938 2.61235 4

8 1.92  —0.49999 9967 2.61237 541

9 1.96 —0.50000 017 2.61237 525
10  1.99 —0.50000 0068 2.61237 5314
11 2.02 —0.50000 00001 3 2.61237 53486 35
12 2.04 —0.49999 99992 3 2.61237 53488 2
13 2.06 —0.49999 99999 23 2.61237 53487 2
14 2.08 —0.50000 00000 79 2.61237 53486 20
oo 2.61 —0.50000 00000 00 2.61237 53486 8549
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11. Lubkin’s W transformation

Lubkin’s W transformation is the first nonlinear sequence transformation that can
accelerate not only linear sequences but also some logarithmic sequences.
11.1 The derivation of Lubkin’s W transformation

Almost all logarithmically convergent sequences that occur in practice satisfy

n - S A n
AR 5 L (11.1)
n—oc 8§, — 8§ n—oo Asn

Suppose that a sequence (s, ) satisfies

1— Spn42 — S
S —$
lim — o " — 11.2
ng]:olo 1— ASn-{—l ( )
Asy,

where o(# 0), s € R. As Kowalewski[25, p.268] proved, 0 < ¢ < 1. The equality (11.2)

is equivalent to
Aspy1As,
lim 2 (11.3)
n—oo (Sp41 — §)A%s,

If 0 in (11.3) is known, solving the equation
) & 1

ASTH.]ASn
=0
(Sn+1 — S)AQSn ’

(11.4)

for the unknown s. we have

1 ASnASn_i_l

S (11.5)

S = Sp41 —

When o = 1, the right-hand side of (11.5) coincides with the Aitken 6% process. When
0 < o < 1, that of (11.5) coincides with the modified Aitken 6% formula.

If o in (11.3) is unknown, solving the equation

A8n+2ASn+1 . A8n+1 A.Sn (11 6)
(8n+2 - 3)A25n+1 N (3n+1 - S)AQSH .
for the unknown s, we obtain
Aspr1As, A5y,
8= Spt1 — e (11.7)

A8n+2A28n - ASnAQSn_{_l '
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A sequence transformation

A5n+l ASnA2$n+1
ASpyaA%s, — A8y A2?s,11

W :sp— Sp41 —

(11.8)

is called Lubkin’s W transformation[29], or the W transform for short. The relation
between the W transform and the modified Aitken 62 process will be treated in subsection
11.3.

For a sequence (s, ), we define W, by!?

A8n+1ASnA2Sn+1
Wy = Spt1 — . 11.9
Sntl AspiaA%s, — Asp, A2 49 ( )
W, can be represented as various forms.
A3n+1ASn+2A2Sn
W. = _ 11.10
I T N e As, — AspAlspn (11.10)
s
A? =
(Asn>
= = (11.11)
A2
<A3n>
1— AASnH
= Sn42 — — 5" — (11.12)
ASn+2 B A3n+1 + ASn
Since the Aitken 6% process can be represented as
3
A n
(Asn>
ty= ———nl (11.13)

n - 1 b
A
(A3n>

the formula (11.11) means that the W transform is a modification of the Aitken 42
process. Lubkin[29], Tucker[55] and Wimp|[58] studied the relationship between the ac-
celerativeness for the W transform and the Aitken 6% process.

We remark that W, is also represented as

l Sn+1 Sn+2
AspAsnir/D%n  Asps1Asnis/A2sy
W, = [AsnBsni1[Asn Asn+1Asnta/ A snir | (11.14)

1 1
l ASnASn_H /AQSn A8n+1A3n+2/A25n+1

13W, in (11.9) coincides with Lubkin’s original Wy 4.
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which is the Levin v-transform Tl(n+1) with R, = As,_1A8,/A%s,_; in (9.5).
11.2 The exact and acceleration theorems of the W transformation
By construction, the W transform is exact on (s;,) satisfying (11.6). More precisely,

the following theorem holds.

Theorem 11.1 (Cordellier[13]) Suppose that AspyaAls, # As,A%s,py for ¥n € Ny.

Then the W transform is exact on (s,) if and only if s, can be represented as

]a + b+1
+ L (11.15)

W

o
°n

7=1
where K 1s a nonzero real, a <0 and

{ b<—% and b# =1 ifa=0,
ja+b#0,-1 forj € N, if a <0.
Proof. See [13, p.391] or Osada[40, Theorem 2]. O
Example 11.2 Let K be a nonzero real.
(1) (Wimp[58]) Setting a = 0 in (11.15), the W transform is exact on s, = s+ K(1+
1/b)"~ 1, even if (s,) deverges.
(2) Setting @ = —1 and b = —1in (11.15), the W transform is exact on s, = s+ K/n.
We cite two theorems that were proved by Lubkin.
Theorem 11.3 (Lubkin[29, Theorem 10]) Suppose that a sequence (s,) converges and
lim Aspt1/As, = p. Suppose that one of the following three conditions holds:
") p £ 0,41,
(i1) p = 0 and As,4+1/As, is of constant sign for sufficiently large n,
(iii) p = —1 and (1 4+ Aspy2/Aspt1)/(1 4+ Aspy1/Asy) > 1.
Then the W transform accelerates (sp).
Theorem 11.4 (Lubkin[29, Theorem 12]) Suppose that a sequence (s,) converges and

ASpt+1/Asy has an asymptotic expansion of the form

Asp[Asp_1 ~ ¢ + -|— + (11.16)

where co,c1,... are constants. Then the W transform accelerates (s;,).
The preceding theorems show that the W transform accelerates not only linear
sequences (Theorem 11.3 (1)(iii)) but also a large class of logarithmic sequences (the case

co = 1 in Theorem 11.4). However, the Aitken 6% process has not this property.
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11.3 The iteratation of the W transformation

The W transform can be applied iteratively as follows'# : For n =0,1,...,!°
Wi = s, (11.17a)
(n+1 (n) (n+1)
M D) _ AW AW AW E— 01
k+1 = Wy (n12) xgrrr(7) () rgrntD)? T T U
AWTTAIW T = AW ARW (11.17b)

where Angn) = W,E_nH) - VV,Sn). The algorithm (11.17) is called the iterated W trans-

formation.
In order to give an asymptotic formula of the iterated W transform, we define the

84 transformation (Sablonniere[47]). For a sequence (s, ), the §, transform is defined by

a+1As,Aspt

(Sa(Sn) = Sp+1 — o Azsn ; (1118)
where « is a positive parameter. For a sequence (s, ) satisfying
Sn Ns—i-ngzh—]]f, (11.19)
j=0
b_g(sn) = 8" in (10.17).
Lemma 11.5 (Sablonniere) Under the above notation,
Asnt1(Snt1 — 5a(8n))
Wp = Spg1 — , VYa>0. 11.20
T T At — A(basn) : (11:20)
Proof. By the definition of é,, we have
a+1As8,A8p41
Sn+1 — 0al(Sn) = , 11.21
Sn+1 (8n) o AZs. ( )
and
o+ 1 A8n+2A$n+1 ASnASn+1
A n - A 6(] n)— - . .
Sn41 ( $ ) o < A23n+1 Azsn (11 22)
Thus we can obtain the result (11.20). O

14W]£n) in (11.17) coincides with Zc(n) of Weniger[57] and Wy, ;3  of Osada[39,p.363].

15When the sequence s, is defined in n > 1, substitute ‘n =1,2,... "for ‘n=0,1,... ".
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Using the above lemma and the asymptotic formula of the modified Aitken 62 formula,
(Theorem 10.4), Sablonniére has proved the following theorem.
Theorem 11.6 (Sablonniére[47]) Suppose that a sequence (sy,) satisfies (11.19). If W,gn)

15 represented as

(k) (k)

Am) o oe-ak | (), G, G 1 (k) '
W, s=n c t-—+5 +0(n3) , ¢ #0, (11.23)
then :
(1) 6—2k—2 | (k+1) 1
Wiih—s=n [c(‘) T+ O(;{)J , (11.24)
where
ey _ o (16— 2k)  2(cfV k(8 = 2k) — f)?
’ 6(6 — 2k) c$F)(6 — 2k)3
K20 = 28)(0 — 2k — 1) — 4P k(6 — 2k — 1) + 4LV
(0 —2k)2(6 — 2k — 1) (11.25)
Proof. See Appendix B. O
Theorem 11.7 (Sablonniere[47]) With the above notation, if ng) #0 forj =0,1,...,k—
1, then
W,En) —s=0n""%*) 4wn— o (11.26)
Proof. By induction on &, the proof follows from Theorem 11.6. d

Sablonniere has also given an asymptotic formula of the W transform applying to a

sequence satisfying

ni/2’

sn~stnt Y (11.27)
=0

where § < 0 and ¢o(# 0),¢1(# 0), ¢, ... are constants.

Theorem 11.8 (Sablonniere[47]) Suppose that a sequence (s,) satisfies (11.27). If W,En)

has an asymptotic formula of the form
W,Sn) -8 = c(()k)ng_k/2 + cgk)ne_k/z_l/2 + O(na_k/2_1), cgk) #0, (11.28)
then

ngi)l = C(()k+1)n9-k/2-—]/2 n c(1k+1)n9—k/2-1 v O(ne—k/2—3/2)’ (11.29)
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where
(k+1) Cgk)
- 11.
“0 (k—20)2(k + 2 — 26) (11.30)

and

(k+1) _ ()2(k —1—20)(k + 1 — 26)?
1 cgk)(k—29)4(k+2_26)2
Recently, Osada[39] has extended the iterated W transform to vector sequences; the

(11.31)

Euclidean W transform and the vector W transform. A similar property to Theorem

11.7 holds for both transforms.
11.4 Numerical examples of the iterated W transformation

For linearly convergent sequences the W transform works well.

Example 11.1 Let us consider

sn= Y (=1)71—. 11.32
; T (11.32)
We apply the iterated W transform to (11.32). We give sy, W,En_Sk) in Table 11.1, where

k= |(n—1)/3]. By the first 17 terms, we obtain 15 exact digits.

Table 11.1
The iterated W transform applying to (11.32)

n Sn ngn—Sk)
1 1.00

2 0.29

3 0.87

4 0.37 0.6061

! 0.81 0.60442

6 0.40 0.60511

7 0.78 0.60490 0

8 0.43 0.60489 79

9 0.76 0.60489 888

10  0.45 0.60489 86446

11 075 0.60489 86430 6

12 0.46 0.60489 86435 4

13 0.74 0.60489 86432 2192
14 047 0.60489 86432 2155
17 0.72  0.60489 86432 21630
oo 0.60 0.60489 86432 21630
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Example 11.2 We apply the iterated W transform to the partial sums of ((1.5). We
give sy, ngn—sk) in Table 11.2, where k = |(n — 1)/3]. By the first 15 terms, we obtain
9 exact digits. For this series, the iterated Aitken 6% process cannot accelerate but the
iterated W transform can do. However, the W transform is inferior to the automatic

modified Aitken 62 formula.

Table 11.2
The iterated W transform applying to ((1.5)

n Sn ngn—sk)
1 2.0

2 135

3  1.54

4 1.67 2.590

) 1.76  2.6019

6 1.82 2.6063

7T 1.88 2.612343

8 1.92 2.61236 2

9 1.96 2.61236 90
10  1.99 2.61237 527
11 2.02  2.61237 5326
12 2.04 2.61237 5337
13 2.06 2.61237 5330
14 2.08 2.61237 5365
15 2.10 2.61237 53440
00 2.61 2.61237 53486

Example 11.3 We apply the iterated W transform to the partial sums of ((1.5)4((2) =
4.25730 94155 33714:

72

Sn=) Vit : (11.33)
=1
We give s, W,E"—%) in Table 11.3, where £ = |[(n — 1)/3]. By the first 20 terms,

we obtain 4 exact digits. For comparison, we show Levin v-transform T,(ll_)z. The W

transform is slightly better than the Levin v-transform.
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Table 11.3
The iterated W transform applying to ((1.5) + ¢((2)

o W,

3.39  4.2568 4.234
3.45 4.2590 4.240
3.50 4.2596 4.243
10 3.54 4.2596 4.246
11 3.58 4.2596 4.248
12 3.61 4.2596 4.249
13 3.63 4.2596 4.2509
14 3.66 4.2596 4.2518
15 3.70  4.2591 4.2525
20 3.77  4.257272  4.2546

oo 425 4257309 4.25730

n

1 1.0

2 26

3 29 4.05
4 3.09 414 4.18
5 322 4.7 4.212
6 331 4.19 4.226
7

8

9
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12. The p-algorithm

As Smith and Ford[54] pointed out, the p-algorithm of Wynn works well on some

logarithmic sequences but fails on another logarithmic sequences. In this section we make

clear this fact.

12.1 The reciprocal differences and the p-algorithm

Since the p-algorgithm is a special case of reciprocal differences, we begin with the

definition of reciprocal differences. Let f(z) be a function. The reciprocal differences of

f(z) with arguments xg, 71,... are defined recursively by
po(xo) = f(wo),
( ) Lo — 1
P1 {0, T1) =
' po(zo) — po(1)’
pk(:vOa s e ,.Tk) = Pk—2(3717 SR 72:,6—1)

To — Tk

+
Pk—1(9307-- '7‘Tk-—l) _/)k—l(l'la'-- 7$k)

Substituting = for ¢ in (12.1), we have the following continued fraction.

r— T

f(z) = flz1) +

T — Ty

/)1(*7317‘7:2) +

. k=23,....

r — X3
p2(z1,22,23) — po(21) +
The last two constituent partial fractions are as follows:
r—T—
r — I
pr—1(T1,. .y 21) — prs(xy, ..., 2—g) +
o o1, 70 = pralen - wie).

(12.1a)
(12.1b)

(12.1¢)

(12.2a)

(12.2b)

The equality of (12.2) holds for = 2, ..., z;. The right-hand side of (12.2) is called

Thuele’s interpolation formula.

The p-algorithm of Wynn[60] is defined by substituting s, for f(z,) and pgcn) for

pr(Tn, ..., Tnyk) in the reciprocal difference:
Pgn) = Sn,
(n) 1
Pr = n+1) n)’
P = pg”
(n) _ (nt1) k .
[)k ———pk_z +m, ]\——2,3,
Pr-1 — Pr—1
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Thiele’s interpolation formula implies the continued fraction.

n—m

Sp = Sm + (12.4)
(m) n—m-—1
Pt 5
(m) _ (m) n—m-—
P2 Po + (m) (m)
Pz —pp  +
Neglecting the term
n—m — 2k
, (12.5)
(m) (m) n—m-—2k—1
Pak+1 ~ Pak—1 T
we obtain ()
m) k k—
nk 4+ bkl 4. 4 by
where ai,...,ax,b1,...,b; are constants independent of n and the sign = denotes ap-

proximate equality. By construction, the equality of (12.6) holds for n = m, ..., m + 2k.
Suppose a sequence (s,) with the limit s satisfies
snfF 4 amk1 4. 4 ak

Sp = . 12.7
T R b 4 by (12.7)

Then, by the above discussion, pg?) = s for any m. Thus the p-algorithm is a rational

extrapolation which is exact on a sequence satisfying (12.7).

A sequence satisfying (12.7) has an asymptotic expansion of the form
sn,~s+n0(co+c~l+c—22+...>, as n — oo (12.8)
n o n

where 6 is a negative integer and c;’s are constants independent of n. Conversely, suppose
that 6 is a negative integer. If we truncate the terms up to ¢ /n¥ in (12.8), then s, satisfies
(12.7). This fact suggests that the p-algorithm works well on (12.8) if and only if 6 is a
negative integer, which will be proved in the end of this section.

Recently, Osada[39] has extended the p-algorithm to vector sequences; the vector

p-algorithm and the topological p-algorithm.
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12.2 The asymptotic behavior of the p-algorithm

In order to describe the asymptotic behavior of the p-algorithm, we shall use the
following sequence. For a given non-integer 6 and a given nonzero real ¢, we define the

sequence (C,) as follows:

C_, =0, (12.9a)
Co = C, (129b)
2k — 1
Cgk_l = Cgk_; ac.. k= 1,2, y (129(3)
Gl k-2
Cot = Copey + ——0 F=1,2 (12.94)
2k — “2k-2 (1 _G)CQk_] = 1,4 .00 .

This sequence (C,) is called the associated sequence of the p-algorithm with respect to 6
and c.

For the associated sequence of the p-algorithm, the following two theorems hold.
Theorem 12.1 Under the above notation,

k(2 —0)(3—6)--(k—0)
B1+0) - (k—1+6)
(14 6) (k) B
Cot = A= ha =0 (b0 k=1,2,.... (12.10b)

CQk_l = e 1727... (1210&)

Proof. By inductionon k. For k=1,C; =C_1+1/cf =1/ch, C; = Co+2/(1-6)Cy =
c(1+6)/(1—6). Assuming that they are valid for £ > 1. By the induction hypothesis,

we have
2k +1
Cokt1 = Cop—1 + 8C
_ k2-0)---(k-10) (2k+1)(1—6)---(k—0)
(1 +6)--(k—1+86) cd(1+6) --(k+0)
:(k+1)(2—9)---(k—6)(k+1-—9) (12.11)
cb(1+86)--(k+96) ' -
Similarly,
(1 +6)24+60) - (k+140) .
Cokyo = T=0)---(F+1-6) : (12.12)
This completes the proof. a
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We remark that Theorem 12.1 is still valid when 6 is an integer and k < |6].
Theorem 12.2 Under the above notation,

. Cgk . CF(—G)
dm T2 = Ty (12.13)

where I'(z) is the Gamma function.

Proof. By means of Euler’s limit formula for the Gamma function

klk*®
L(2) = I 12.14
(@)= lin e TR (12.14)
we obtain the result. a
Now we have asymptotic behavior of the p-algorithm.
Theorem 12.3 Let (s,,) be a sequence satisfying
6 G €2
Sp~s+n (co+—+—2+...), as n — oo. (12.15)
n o n

Let (C,,) be the associated sequence of the p-algorithm with respect to 6 and cy in (12.15).
Let A= (1—-0)—1/24 c1/cob). Then the following formulae are valid.

(1)

(n) 1-0 4 =L -
_ 1) |1 '

P™ = C(n+1) [ +n+1+(n+1)2+0((n+1) )| 5 (12.16)
where

p -1, al=0 (10 «2-6 (12.17

T 2¢g co26? cf 0

(2)

P = st Con+1) 1+ —2 ¢ b 5 +O0((n+1)7%)],
where

009(1 + 9) 2012 62(5 t 92)
Br=="%50"9 Taea-0 T 1=er (12.19)
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(3) Suppose that 6 # —1,...,1—k. Forj=1,...,k,

n . — 41 N —1—

/)gj)_l = Cyj—1(n+j)'° [1 + n—_]] +0((n+7)7'77% (12.20)
(n) _ 4 6 _a )02 12.21
py; = s+ Caj(n+7) [1—{—00(” j)]+0((n+]) ) ( )

Proof. (1) Using the binomial expansion, we have

Spn41 — Sn
i

s
2

’ o, A [ 1-8 al-8 o) 6-2
— Coe(n + 1) [1 _n + ( 6 2609 + COG) (n + 1)2

+0((n+1)"7%). (12.22)

—

Hence, we obtain

A N By
+1 (n+1)

o™ = Cy(n+1)¢ [1 +- -+ 0((n+ 1)-3)} . (12.23)

(2) and (3). Similarly to (1). O
By Theorem 12.3, when 6 in (12.15) is non-integer, for fixed k,

oM g
L2k T L Cy  asn — oo, (12.24)
Sn42k — S

where the sign ~ means asymptotic approximate. When —6 is small non-integer, the
1thm canno + L

When 6 is a negative integer, say —k, we have Cy # 0,...,Cor—o # 0 and Cy = 0.
Thus, it follows from Theorem 12.3 that

P =5+ 0((n+k)F?),  asn— . (12.25)

As illustrations, we give two examples.

Example 12.1 We apply the p-algorithm to the partial sums of {(2):

"1
§y = = (12.26)
A
1=1

k)

We give s, and ng_Q in Table 12.1, where k = |(n —1)/2]. By the first 12 terms, we

obtain 12 exact digits.
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Table 12.1
The p-algorithm applying to ((2)

n S pgr]z 2k)

1 1.00

2 1.25

3 1.36 1.650

4 1.42 1.6468

) 1.46 1.64489

6 1.49 1.64492 2

7 1.511 1.64493 437

8 1.527 1.64493 414

9 1.539 1.64493 40643
10 1.549 1.64493 40662 8
11 1.558  1.64493 40668 64
12 1.564 1.64493 40668 418
13 1.570 1.64493 40668 56
14 1.575  1.64493 40668 82
15 1.580 1.64493 40668 56
20 1.596 1.64493 40668 50
00 1.644 1.64493 40668 48

Example 12.2 We apply the p-algorithm to the partial sums of ((1.5):

"1
n = E i 12.27
’ 1=1 Z\/Z ( )

We give s, and pgz_%) in Table 12.2, where £ = |[(n — 1)/2]. Since § = —0.5, the

p-algorithm cannot accelerate (12.27).
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Table 12.2
The p-algorithm applying to ((1.5)

n Sn sz—zk)
1 2.0

2 135

3 1.54 2.19

4 1.67 2.25

5) 1.76  2.40

6 1.82  2.42

7 1.88 2.48

8 1.92  2.49

9 1.96 2.525

10 199 2.528
11 2.02 2.520
12 2.04 2.553
13 2.06 2.552
14  2.08 2.553
15 210 2.564

co 261 2.612
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13. Generalizations of the p-algorithm*

Let (s,) be a sequence satisfying
3n~5—|—n€(co+c—1—l——c%+...), as n — oo (13.1)
n o n

where 6 < 0 and co(# 0),c¢1,... are constants independent of n. As we proved in the
preceding section, the p-algorithm works well on a sequence satisfying (13.1) if and only
if 6 is a negative integer. In this section we extend p-algorithm that works well on (13.1)

for any 6 < 0.

13.1 The generalized p-algorithm
For a sequence (s,) satisfying (13.1), we put so = 0 if s¢ is not defined. We define

pgcn) as follows:

o™ =0, (13.2a)

o = s, (13.2b)

(n)  (n+1) k—1—-«
P =Pk-2 T gy )
Pr—1 — Pr-1

k=1,2,.... (13.2¢)

This procedure is called the generalized p-algorithm with a parameter o [37]. It is obvious
that, when a = —1, the generalized p-algorithm coincides with the p-algorithm defined
in (12.3).

We now derive asymptotic behaviors for the quantities pgcn) produced by applying
the generalized p-algorithm with parameter 6 to the sequence satisfying (13.1).

Theorem 13.1 (Osada) If pgz)_l and /’(279) satisfy the asymptotic formulae of the forms

(n) 1

S (n+k—-1*10140(n+k-1)"")], (13.3)
0
(k) (k)

(n) _ o2k | g dy 3

pa, =5+ (n+k) 0 +n+k+(n+k)2+0((n+k) ) 5
with dF ™ £ 0 and d\° # 0, then
(n) _ L 9—2k—2 d(k+1) -1

Poys =8 +(n+k+1) o H+O0((n+k+1)7)|, (13.5)

*The material in this section is taken from the author’s paper: N. Osada, A convergence acceleration
method for some logarithmically convergent sequences, STAM J. Numer. Anal. 27(1990), pp.178-189.
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where

k k
d(k'H) d( )(2]\ ) _ (dg ))2 ng :
° A (2k — 02 (2k—0)(2k -6 +1)

(%“mG—e—m

_ . (13.6)
dF ek -6+1)
Proof. Using (13.4) and the binomial expansion, we have
P — Pl = —dP(2k = 6)(n + k4 1)
. l+/1 d¥ N 2%k-6+1
T\ 2T P ak_g)) nrE+l
RS dP 2k -6+1) d % — 6§ + 2
6 202k —0) a2k —0)) (n+k+1)?
O((n+k+1)7%)]. (13.7)
Hence, we obtain
2k — 6 1
— (n _+_ k + 1)2k+1—9
n+1 n k
BRI (k)
(k) _
(L, 4 )2k 6+1
2 dgk)(2k—9)/ n+k+1
2%-6-1 4P (@P)2ek-6+1)
+ T o® ®
12 2d; (dy ) )2(2k — )2
AP ek-6+2) \ 2% — 6 +1
a2k — )2k — 6+ 1)) (n+h+1)?
+0((n+k+1)7%)]. (13.8)
By means of (13.2) and (13.8),
n 1 _
Py = ——y(n+ k120
dO
() _
clio (L, wfh 2%k—60+1
2 42k —-0)) ntk+1
+<%—9—1+ d® @22k -6 +1)
12 2dy”  (d)2(2k - 6)?
_ dPer-6+2) N di® 2%k — 6+ 1
dP 2k —0)2k —6+1) dFV(2k-0+1)) (n+E+1)?
+0((n+k+1)"%)]. (13.9)
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Similarly we obtain

(n) __ (n+1) 2k—¢6 +1
Pak+2 = P2k (n+1) (n)
Pok+1 — P2k+1
o) ()2
—s+(n4+k+1)f2 20 2% -0-1)- —— L
( ) 12 ( dgk)(Qk —0)2
k
| 245" N (dS)2(2k — 6 — 1)
(2k—0)2k—60+1) g+ V2k—6+1)
+O0((n+k+1)"1)]. (13.10)

This completes the proof. O
Theorem 13.2 (Osada) With the notation above, if dgj) #0 for j=0,1,...,k, then

P = s+ O((n + k)?~2F). (13.11)

Proof. By means of the induction on k, the proof follows from Theorem 13.1. O

It is easy to see that pgn) = sgn'H) in (10.17) when o = . Moreover, under the
assumption of Theorem 13.2, pgz) — s has the same order as Sin%-k) — s defined in (10.17).

For another information of the generalized p-algorithm, see Weniger[57].

Example 13.1 We apply the generalized p-algorithm to the partial sums of ((1.5). We

. (n—2k)
give sn, Py

modified Aitken 62 formula sgn_l), where [ = [n/2].

in Table 13.1, where k& = |n/2]|. For comparison, we also give the
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Table 13.1
The generalized p-algorithm and

the modified Aitken 62 formula applied to ((1.5)

n k  Sn pgz—%) Sgcn_k)

1 0 1.00

2 1 1.35 2.640 2.640

3 1 1.54 2.6205 2.6205

4 2 1.67 2.61215 2.61217

5! 2 1.76 2.61232 3 2.61232 9

6 3 182 26123771 2.61237 657

7T 3 1.88 2.61237 572 2.61237 560

8 4 192 2.61237 5334 2.61237 53431

9 4 1.96 2.61237 53458 2.61237 53475 5
10 5 1.99 2.61237 534880 2.61237 53487 16
11 5 2.02 2.61237 53487 2 2.61237 53487 10
12 6 2.04 2.61237 53489 2 2.61237 53487 17
13 6 2.06 2.61237 534870 2.61237 53486 04
14 7  2.08 2.61237 53486 848 2.61237 53486 13
o0 2.61 2.61237 53486 854 2.61237 53486 85

13.2 The automatic generalized p-algorithm

The generalized p-algorithm requires the knowledge of the exponent 6 in (13.1). But,
as described in Section 10, # can be computed using the generalized p-algorithm with
parameter —2.

For a given sequence (s,) satisfying

sn~s+n9<c0+c_l+c—22+...), as n — oo (13.1)
n o on
where 8 < 0 and ¢¢(# 0),c¢1,... are unknown constants independent of n. We define 6,
by
1
6, =1+ (13.12)

As, '
A (Azs.n_l )

The sequence (6,,) has the asymptotic expansion of the form

. t t
0, ~60+n? <t0+;]+;;—+”'>’ as n — oq, (13.13)
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where to(# 0),t1,... are unknown constants independent of n. Thus by applying the

generalized p-algorithm with parameter —2 on (6,), we can estimate the exponent 6.

Suppose that the first n terms of a sequence (s, ) satisfying (13.1) are given. Then

we put sg = 0 and define pgcm) as follows:

/)(()m) = ema m Z 1a

(m) _ (m+1) k+1

Pk = Pr—2 (m+1)
Pk—1  —

Next, we define ap(n > 3) by

1
o = szl:i
" (0)

Pn—2

Then we can apply the generalized p-algorithm with parameter a,, to (sp,).

pfﬁ,):sm, m=0,...,n
(m) —Qn
pnﬁ = (m+1) (m)’ m 07 17
n,0 pn,O
(m) _ (m+1) E—1—-an

pnak - pnak_2 + (m—l—l) (m) ’
nk—1 — pn,k—l

(m)’
Pr-1

if n is odd,

if n is even.

k=1,2,....

(13.14a)
(13.14b)

(13.14c¢)

(13.15)

(13.16a)
(13.16b)

(13.16¢)

This scheme is called the automatic generalized p-algorithm. The data flow of this scheme

is as follows (case n = 4):

51
S2 O\
N
sso—o 6 = p)) o>
N N\
sa — b = pgf) —
“ o= Ao )
(2) > (1) >
S2. = Pgo T Pa1
(3) > (2) >
S3 = Pgo T Pa1
(4) > (3) >
S4 = Pro T Psa

0

1
A

0)
Pz(x,2

(1)
Py

]

2
2Y

e

NV

0
A

(0
P4 3.

bl

(1
P4,:1

L7

(47}

(0
P4,41



For a given tolerance €, the stopping criterion of this scheme is as follows:

(i) n is even and |p$703@ - pifjl_zl <€,

(ii) n is odd and |\, _, — 11| <e.
Example 13.2 We apply the automatic generalized p-algorithm to the partial sums of
((1.5). We give sy, ap in (13.15) and pf}’j;k%) in Table 13.2, where k = |n/2].

Table 13.2
The automatic generalized p-algorithm

applied to ((1.5)

1 1.00

2 135

3 154 —0.544 2.55

4 1.67 —-0.5071 2.604

5 176 —0.50015 2.61217

6 1.82 —0.50001 4 2.61236 60

7 1.88 —0.50000 0052 2.61237 568

8 1.92 —0.49999 9980 2.61237 53453
9 1.96 —0.49999 99946 2.61237 53487 1

10  1.99 —0.50000 00002 3 2.61237 53487 1
11 2.02 —0.50000 00001 1 2.61237 53488 9
12 2.04 —0.50000 00002 9 2.61237 53488 2
13 2.06 —0.49999 99999 76  2.61237 53487 2
14 2.08 —0.50000 00000 93 2.61237 53486 49

oo  2.61 —0.50000 00000 00 2.61237 53486 85

A FORTRAN subroutine of the automatic generalized p-algorithm is given in Ap-

pendix.
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14. Comparisons of acceleration methods*

In this section we compare acceleration methods for scalar sequences using wide

range of slowly convergent infinite series.
14.1 Sets of sequences

Whether an acceleration method works effectively on a given sequence or not depends
on the type of the asymptotic expansion of the sequence. Conversely, when we know the

type of expansion we can choose a suitable method.

The sets of sequences .y and LOGSF are defined by

Fr=1{(sa) |50~ s+ A" ein7I, g # 0,1 # 0}, (14.1)
=0
LOGSF = { (sn) | lim S™H17% _ fi 2Snt1 _ g ) (14.2)
Ml nSe sp—s  n—oo As, ’ '

respectively. For (s,) € #\, (s,) converges if 0 < |A] < 1, and (s,,) diverges if |A| > 1.
We consider subsets of %) and LOGSF as follows:

Alt = { (sp) | $n ~ s +(=1)"n’ ic]'n"j, co # 0,0 <0}, (14.3)

L ={(sn) | $n~s+n’ icjn-f‘, co #0,—0 € N}, (14.4)
Jj=0

% ={(5n) | $n ~S+n0§:cjn_j, co # 0,6 < 0}, (14.5)
j=0

&y ={ (sn)|sn~3+z Zc”n I 0>60; >8> >0}, (14.6)

=1

34_{(s)|3,,~3+n92“¢w—”, 6 <0}, (14.7)

j=0

ZLs ={(sn) | 8p ~5+n’ logn)rzzm 6 <0orf=0and T <0}
7=0 =0 g (148)

*The material in this section is an improvement of the author’s informal paper: N. Osada, Asymptotic
expansion and acceleration methods for certain logarithmically convrgent sequences, RIMS Kokyuroku
676(1988), pp.195-207.
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We remark that Alt=.%_; and .4 = .%4,. We also remark that

2 C Y C Y C LOGSF, % % Cc LOGSF, % C % c LOGSF. (14.9)

14.2 Test series

We take up infinite series for each set. Test series are shown in Table 14.1. Some of

them, No. 1,3,4,5, and 8 were tested by Smith and Ford[54].
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Table 14.1

Test series

set No. partial sum of series sum asymptotic expansion
A1 Z(i@— log 5 =-1,1=08
=1
2 ) (-1 log 5 f=—-1,A=4
i=1
- 1
Alt 3 ) log 2 6=-1E le 3.1
;( ) - og xample 3
n
1—1 1
4 Z(—l) 7 0.60489 86434 21630 6 = —0.5 Example 3.3
i=1 L
Z05 = /6 6 = —1 Example 3.4
0
i=1
6 13 1.20205 69031 59594 6 = —2 Example 3.4
7
i=1
Ly T i 1 2.61237 53486 85488 6 = —0.5 Example 3.4
2 £ Z\/{ . . P .
n N\ —V2Z
Y (z + 61/’) 1.71379 67355 40301 6 =1 — /2 Example 3.5
i=1
2 9 Z \/E:_ 4.25730 94155 33714  6; = —0.5, 62 = —1

- (4
=1

n

o
2 10 S

4

=1
n

0.93754 82543 15844

# = —1 Example 3.6

log
11 3.93223 97374 31101 6 = —0.5 Example 3.6
n+1 1
&5 12 e 10974 28012 3 = le 3.
5 ;z(logz)z 2.10974 28012 36892 6 = —1 Example 3.7

14.3 Numerical results

Let (s,) converge to s or diverge from s. Let T be a sequence transformation (t,,) the

transformed sequence by T, where t,, depends on sy,...,s, but does not on s,+¢,k > 0.
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The maximum significant digits from m terms is defined by

¢ { —logy ltn —s| }. 14.10
jmax {—logyg [fn —s| } (14.10)

Acceleration methods taken up in this section are as follows. The e-algorithm, the
Levin u-, v-, and ¢-transforms, the d®- and d®-transforms, the iterated Aitken 6% pro-
cess, the automatic modified Aitken ¢2 formula, the W transform, the p-algorithm, and
the automatic generalized p-algorithm. All methods require no knowledge of asymptotic

expansion of objective sequence. We compare with the quantities listed in Table 14.2.

Table 14.2

Acceleration methods

acceleration method definition  quantity

e-algorithm (8.10) eéz_zk), k=|(n—-1)/2]
Levin u-transform §9.1 T,(ll_)1

Levin v-transform §9.1 T7§1_)2

Levin t-transform §9.1 Tr(ll_)2

d@)-transform §9.3 Eé;z:22[+2), = |n/2]

d® -transform §9.3 E?Ezl__:;3m+3), m = |n/3]
iterated Aitken 6% process (10.10) T,gn_zk), k=|(n-1)/2]
automatic modified Aitken 62 formula  §10.3 ngl—l)’ l=[n/2]
iterated Lubkin W transform (11.17) W;""E;p), p=|(n—1)/3|
p-algorithm (12.3) pg;—?l), = |n/2]
automatic generalized p-algorithm §13.2 pgrz_k%), E=|(n—-1)/2]

For each acceleration method we show the maximum significant digits from 20 terms
of each test series in Table 14.3. In table 14.3, the “number of terms” is abbreviated to
“NT”, and the “number of significant digits” is abbreviated to “SD”. Numerical com-
putations reported in this section were carried out on the NEC ACOS-610 computer in

double precision with approximately 16 digits.
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Table 14.3

The maximum significant digits

partial sum e-algorithm Levin wu Levin v

NT SD NT SD NT SD NT SD

A\ 1 20 2.72 20 8.01 19  10.78 20 10.40

2 diverge 20 7.81 16  10.78 16 11.58

Alt 3 20 1.61 20 15.11 15  15.90 15  15.86

4 20 0.96 20 15.74 14  15.56 14  15.56

4 5 20 1.31 20 2.06 14 11.46 12 9.64

6 20 2.92 20 4.17 12 11.49 12 11.01

% 7 20 0.35 20 0.78 10 9.01 12 8.55

8 20 0.17 20 0.53 13 8.44 13 7.58

s 9 20 0.31 20 0.75 20 2.58 19 2.96

% 10 20 0.71 20 1.62 20 3.11 20 3.47

11 20 —0.35 20 —0.01 20 0.98 20 1.24

s 12 20 0.49 20 0.69 20 1.07 20 1.13
Table 14.3 (Continued)

Levin t d?)-trans d®) -trans Aitken 62

NT SD NT SD NT SD NT SD

A 1 20  10.49 20 7.16 20 6.45 17 9.62

2 16  10.54 19 8.36 19 6.18 17 11.77

Alt 3 14  15.95 20 13.85 20 12.84 19 16.08

4 15  15.54 20 15.90 19 15.31 16 16.08

4 5 20 2.28 18 11.29 20  10.69 20 3.18

6 20 4.60 16 12.44 16 12.20 19 5.72

) 7 20 0.89 14 9.82 19 10.20 19 1.42

8 20 0.16 15  10.76 18 9.63 7 1.05

L 9 20 0.87 12 5.54 15 8.54 19 1.35

& 10 20 1.52 13 7.07 20 6.99 15 1.33

11 20 0.03 13 4.98 17 4.80 20 —-0.18

2 12 20 0.74 19 1.29 20 1.59 20 0.81
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Table 14.3 (Continued)

aut mod 62 Lubkin W p-algorithm

aut gen p

NT SD NT SD NT SD NT SD

B2\ 1 13 6.76 20 10.69 decelerate 20 8.06
2 18 10.52 19 11.13 decelerate 20 7.99

Alt 3 19 16.01 19 16.26 decelerate 19 14.51
4 19 15.50 17 15.54 decelerate 19 14.59

2 5 12 11.02 15 9.66 18 11.66 20 12.18
0 i9 12.53 18 10.92 20 12.81 14 13.05

% 7 11 9.79 15 8.34 18 1.52 9 10.51
8 19 9.70 13 8.38 20 1.03 17 11.29

Ly 9 19 3.04 20 4.43 17 1.54 18 3.08
& 10 16 3.03 12 2.25 20 3.03 19 3.58
11 14 0.75 20 0.46 18 0.44 17 1.27

& 12 20 1.13 20 1.31 20 0.89 20 1.15

14.4 Extraction

As Delahahe and Germain-Bonne[14] proved, there is no acceleration method that

can accelerate all sequences belonging to LOGSF. However, if a logarithmic sequence

(sn) satisfies the asymptotic form
Sy = 8+ O(ne),
or
sn =5+ 0(n’(logn)™),
where 6 < 0, then the subsequence (s5n) of (s, ) satisfies
sen = s+ 0((2°)"),
or

sgm = s+ O((2°)"n"),
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respectively. Both (14.13) and (14.14) converges linearly to s with contraction ratio 29,
In particular, if a sequence (s,) belongs to £5, the subsequence (sgn) of (sy) satisfies

the asymptotic expansion of the form
san~ s+ Y AT, (14.15)
i=1

where ¢; and 1 > Ay > Az > -+ > 0 are constants. By Theorem 8.4, the e-algorithm and
the iterated Aitken é2 process can accelerate the subsequence efficiently.

If (s,,) satisfies
sn =35+ O((logn)"), (14.16)
where 7 < 0, then

son =5+ 0(n"), (14.17)

that is, (sgn) converges logarithmically. Therefore the d-transform or the automatic
generalized p-algorithm are expected to accelerate the convergence of (sgn ).

In Table 14.4, we take up the Levin ¢-transform, the e-algorithm, the iterated Aitken
62 process, and the d®-transform as acceleration methods, and we apply to the last 6
series in Table 14.1. Though we do not list in Table 14.4, the Levin t-transform is slightly
better than the Levin u-, v-transforms. The d®-transform is slightly better than the

d®) _transform.

Table 14.4

The maximum significant digits

series  partial sum  Levin ¢ e-algorithm Aitken 62 d®
No. NT SD NT SD NT SD NT SD NT SD

7 16384 1.81 16384 6.49 16384 12.02 4096 11.45 16384 6.96
8 16384 1.36 16384 5.28 16384 10.92 8192 10.77 8192 4.31
9 16384 1.80 16384 5.81 16384 9.56 16384 8.09 16384 6.32
10 16384 3.18 16384 8.52 4096 9.86 8192 7.41 16384 8.91
11 16384 0.74 16384 5.14 8192 6.69 2048 597 8192 4.14
12 16384 0.99 16384 1.67 8192 1.49 512 1.45 16384 4.63
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Table 14.5
2" 41

1
The maximum significant digits for Z; log 12
series Levin u  Lubkin W aut. gen. p aut. mod. §* d®

No. NT SD NT SD NT SD NT SD NT SD
12 16384 2.60 4096 3.48 8192 3.91 2048 3.11 8192 4.04

14.5 Conclusions

Table 14.3 show that the best available methods are the d(®- and d®)-transforms.
For ., all tested methods except the p-algorithm work well. For % and %, the
automatic generalized p-algorithm is the best.

The Levin u-, v-transforms, the automatic generalized p-algorithm, and the auto-
matic modified Aitken 6% formula, and Lubkin’s W transforms are good methods. The
automatic generalized p-algorithm and the automatic modified Aitken 6% formula are

generalizations of the sequence transformation

f—1 ASnASn_l
0 Azsn_l

(14.18)

Sp > Sy, —

therefore they perform similarly.

The e-algorithm, the Levin t-transform, and the iterated Aitken §2 process perform
similarly. Because these three methods are extensions of the Aitken 62 process.

For a sequence (s,) belonging to .%; or .%,, any acceleration method listed in Table
14.2 cannot give high accurate result. However, when we apply the e-algorithm or the
iterated Aitken 6% process to the subsequence (s2n), we can obtain good result.

For the last series, the d(?)-, d®)-transforms, the automatic generalized p-algorithm,
Lubkin’s W transform, and the automatic modified Aitken 62 formula accelerate the

convergence of (san).
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15. Application to numerical integration

Infinite integrals and improper integrals usually converge slowly. Such an integral
yields a slowly convergent sequence or an infinite series. Various acceleration methods
have been applied to such slowly convergent integrals. In this section we deal with the

application of acceleration methods to numerical integration.
15.1 Introduction

Acceleration methods are applied to numerical integration in the following ways.
I. The semi-infinite integral I = [ f(z)dz.
Let @ = 29 < 21 < &2 < ... be an increasing sequence diverging to co. Then I

becomes to an infinite series

I=Y /zi flaydz = I;. (15.1)
j=1v%i-1 =1

Let S, be the nth partial sum of (15.1).

I-1. Suppose that f(z) converges monotonically to zero as z — o0o. Let a = zy <

21 < 9 < ... be equidistant points. Then S, sometimes either converges linearly or
satisfies
°° .
Sp~T+n?Y en. (15.2)
i=1

As we described in the preceding section, we can accelerate (Sy,) or (San).

I-2. Suppose that f(z) is a product of an oscillating function and a positive decreas-
ing function. Let 2y < x5 < ... be zeros of f(z). Then the infinite series (15.1) becomes
to alternating series. Thus it is easy to accelerate (Sy).

The first proposer of this method was I. M. Longman[28]. In 1956, he applied the
Euler transformation to semi-infinite integrals involving Bessel functions.

In this paper we consider f(z) = g(z)sinwz or f(z) = g(z)coswz, where g(z)
converges monotonically to zero as ¢ — oo and w > 0 is a known constant.

II. The finite integral I = f: f(z)dz.

Let S,, be an approximation of I by applying n panels compound integral formula
such as n panels midpoint rule. As we described in Section 4, S, has often the asymptotic

expansion of the form

Sa~ I+ em¥, (15.3)
7=0
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or
N g a]+b logn cj +djlogn 15,
Sp~I+n Z +n ;—RJ (15.4)
If f(z)is of class C in [a, b] and if the quadrature formula is either the trapezoidal rule
or the midpoint rule, then §; = —2j — 2 in (15.3).

II-1. When 6;’sin (15.3), or § and 7 in (15.4) are known, by applying the Richardson
extrapolation or the E-algorithm to (S,) or (S3n ), the convergence of (S,) is accelerated.

In 1955, W. Romberg[45] applied the Richardson extrapolation to (S3») when §; =
—2j —21in (15.3). Since 1961, many authors such as I. Navot[33] and H. Rutishauser[46]
applied it to improper integrals, see Joyce’s survey paper[22].

II-2. When the asymptotic scale in the asymptotic expansion is unknown, accelera-
tion methods taken up in the previous section are applied to (S,) or (Sy»). As we saw in
the previous section, when there are integers ¢ and j such that 6; — f; is not integer, we
can not obtain a high accurate result by applying an acceleration method to (S,,) itself.
However, for (15.3) and (15.4) it is expected to obtain a good result by applying the
e-algorithm or the iterated Aitken % process to (Szn). The first proposer of this method
was C. Brezinski[6,7]. In 1970 and 1971, he applied the p-algorithm with parameter to
(S2n) and the e-algorithm when #; = —2; — 2 in (15.3). Subsequently many authors such
as D. K. Kahaner[23] applied acceleration methods to finite integrals.

III. For another way of applying extrapolation methods to numerical integration,

see Brezinski and Redivo Zaglia[l1, p.366-386] and Rabinowitz[43].
15.2 Application to semi-infinite intcgrals

We apply the above method I-1 to integrals listed in Table 15.1.
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Table 15.1
Semi-infinite integrals

with a monotonically decreasing integrand

No. integral  exact S, = f:n f(z)dz
o
1 / e *dz 1 geometric series
0
2 / e?e  dr 2 linearly convergent sequence
0
> dz s s c;
3 z PO ol . B
/0 14 2?2 2 2 + 2= n2i—1
25
We take z; = 2 and compute f(z)dz by the Romberg method. Acceleration
2j-2

methods that we apply are the Levin u-transform, the e-algorithm, Lubkin’s W trans-
form, the iterated Aitken §2-process, the d®-transform and the automatic generalized
p-algorithm. The tolerances are ¢ = 107% and 107'2. For [ dz /(1 + 2?), we take
e = 1079 instead of 1072, The stopping criterion is |T, — Tp—1| < €, where (T3) is
the accelerated sequence. The results are shown in Table 15.2. Throughout this section,

the number of terms is abbreviated to “T”, and the number of functional evaluations is
abbreviated to “FE”.

Table 15.2
Number of terms, functional evaluations, and errors
e=10"°
Levin wu-transform e-algorithm Lubkin’s W transform
No. T FE error T FE error FE error

T

1 5 43 6.16 x 107° 4 36 6.19 x 107° 5 43 6.19 x 10~°
2 8 96 —-1.24x10"° 8 96 —6.60x107% 8 96 5.05 x 1078
3 10 102 6.46 x 107° failure 9 95 9.63 x 1077

Aitken 6% process d?@-transform automatic generalized p

No. T FE error T FE error T FE error

1 3 29 6.16x10"° T 57 6.16 x 107° 5 43 6.16 x 107°
2 8 96 191x107° 8 96 —6.58x107'" 8 96 7.75 x 10710
3 failure 10 102 -3.24x10"% 9 95 —4.17x1078
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e=10"12

Levin  u-transform e-algorithm Lubkin’s W transform
No. T FE error T FE error T FE error
1 5 187 —-278x107'¢ 4 156 —8.33x10717 5 187 —8.33x 1017
2 11 325 1.29x107' 8 280 1.40x107'* 12 340 8.88 x 10716
Aitken 6% process d®-transform automatic generalized p
No. T FE error T FE error T FE error
1 3 125 —833x107'" 7 233 -9.71x107'7 5 187 —8.33 x 10~7
2 11 325 493x107' 9 295 1.20x107' 10 310 1.38x10"4
e=10""°
Levin wu-transform d®)-transform automatic generalized p
No. T FE error T FE error T FE error
3 14 226 6.20x 107" 14 226 —1.29x107'' 14 226 —1.21 x 10~10

When € = 10712, all methods except the automatic generalized p-algorithm (T= 27,
FE= 557, error= 3.08 x 1071?), failure on [~ dz /(1 + 2?).
Next we apply the above method I-2 to integrals listed in Table 15.3. All integrals

were tested by Hasegawa and Torii[19].

Table 15.3

Semi-infinite integrals with an oscillatory integrand

No. integral exact
1 / e *coszdx 0.5
0
® rsinz
2 /0 2™ 7/(2¢)
*® costz
3 A T 1d:c 7/(2€)
4 / T _gr 0.42102 44382 40708
0 2 +1
5 / L e 0.50406 70619 06919
1 T
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We compute integrals between two consecutive zeros by the Romberg method. Ac-
celeration methods considered here are the Levin u-transform, the e-algorithm, and the
d®@ _transform. These methods require no knowledge of asymptotic expansion of the in-
tegrand or the integral. The tolerances are € = 10~¢ and 107!2. The results are shown

in Table 15.4.

Table 15.4
Number of terms, functional evaluations, and errors
e=10"°
Levin u-transform e-algorithm d®)-transform
No. T FE error T FE error T FE error
1 5 81 —738x10° 4 73 —738x107° 5 81 -T.44x107°
9 8 129 154x1077 10 145 1.13x1077 9 137 1.46 x 1077
3 7 89 162x1077 9 105 737x107° 8 97 —-7.75x107°
4 8 145 —3.01x10"% 10 177 —9.09x107% 9 161 —1.21x1077
5 7 8 -501x10"% 9 105 477x107% 8 97 -1.05x107°
e=10"12
Levin wu transform e-algorithm d®-transform
No. T FE error T FE error T FE error
1 5 353 —250x1071 4 321 416x107'7 6 358 —2.78 x 107!°
9 12 641 —4.53x107* 18 833 —9.40x107%5 14 705 216 x 107!
3 12 897 1.82x 1071 17 1217 810x107'* 13 961  1.56 x 107*3
4 12 897 —2.01x10713 18 1281 —6.90 x 10~ 14 1025 4.33x 107"
5 12 1025 —9.01 x 10715 17 1345 3.68x107'* 12 1025 -1.71x107%

The Levin v- and t-transforms perform similar to the Levin u-transform. The it-
erated Aitken 6% process and Lubkin’s W trasnsform are slightly better than the -
algorithm. The d(®)-transform is better that the d®) transform. The best acceleration
methods we tested for semi-infinite oscillating integrals are the Levin transforms.

These results are less than Hasegawa and Torii’s results[19], but they are available

in practice because they require no knowledge of the integrand.
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15.3 Application to improper integrals
We apply the above method II-2 to integrals listed in Table 15.5.

Table 15.5

Improper integrals

No. integral  exact Sp=hY", fla+(2i —1)h), h=(b—a)/n
o =
1 /0 Vadz 2/3 Sp~I+con 1954 Z cjn”zf
j=1
1 o]
dz - —2;
2 i ﬁ 2 Sp~ 1+ con 0'5+]z=;c]'n 2
21 > . .
3 (53 §) 27/V3  Sp~I+ Z(Czj—ln_l/s_ﬁl + cpn 2P
i=1
' log z S j
4 / de —4 Sp~1+ Z(ajn_l/Z_j +b;n" /2T logn
o V& i
+ejnT T

We use the midpoint rule as the quadrature formula. Acceleration methods are
the Levin u-transform, the e-algorithm, Lubkin’s W transform, the iterated Aitken 62-

process, the d®-transform and the automatic generalized p-algorithm. The tolerance is

¢ =107 and the maximum

terius 13 15. The results are shown in Table 15.6.
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Table 15.6

Number of terms, functional evaluations, and errors

e =106

Levin  u-transform e-algorithm Lubkin’s W transform
No. T FE error T FE error T FE error
1 8 255  3.70x107° 7 127 —4.86x107° 8 255 3.30 x 107*
2 13 8191 —2.09x1077 8 255 178 x 1078 11 2047 —2.46 x 107'°
3 15 32767 7.21x107°% 13 8191 113 x 1077 failure
4 14 16383 —4.90 x 1077 11 2047 3.91x107° 15 32767 2.04 x 107
Aitken 6% process d®)-transform automatic generalized p
No. T FE error T FE error T FE error
1 6 63 —4.22x 1077 8 255 —1.20 x 1077 8 255 224 x 107!
2 9 511 9.10x107'° 14 16383 —3.36 x 107 15 32767 —8.26 x 107°
3 15 32767 —6.56x 10~% 15 32767  1.64 x 1075 15 32767 —9.97 x 107°
4 15 32767 —2.01x107% 15 32767 —1.06 x 1077 14 16383 3.20 x 1077

The e-algorithm is the best.

succeeds on all integrals listed in Table 15.5, provided that the number of terms is less

than or equals to 15.
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CONCLUSIONS

In this paper we studied acceleration methods for slowly convergent scalar sequences
from asymptotic view point, and applied these methods to numerical integration.
In conclusion, our opinion is as follows.

1. Suppose that a sequnce (s,,) has an asymptotic expansion of the form
o]
Sn NS-}-ZC]'g]‘(n). (1)
J=1

Let T be a sequence transformation and (t,) = T(s,). If we know an asymptotic scale

(gj(n)), then we can often obtain an asymptotic formula

tn = s+ O(g(n)). (2)

2. By the above 1, if we know (g;(n)), we can choose a suitable acceleration method
for (sn).

3. We show the most suitable methods in the following Table 1. We append the
number of theorem giving the asymptotic formula.

4. For a logarithmically convergent sequence (s,), we can usually obtain higher
accuracy when we apply to (sgn).

5. There is no all-purpose acceleration method. The best method of all we treated
is the d-transform, and the second best method is the automatic generalized p-algorithm.
In application, we can usually determine a type of an aymptotic expansion of an ob jective
sequence. For example, when we apply the midpoint rule to an improper integral with

endpoint singularity, the objective sequence has the asymptotic expansion of the form
oo oo
Sy~ s+n92c3~n—] +nTZdjn_J. (3)
7=0 )=0

In such a case, we recommend the methods listed in Table 1.
6. If (s,) satisfies (3) and the e-algorithm is applied to (s2n), (egz_Zk)) gives high
accurate result. In particular, it is a good method that the e-algorithm is applied to My,

where Mjn is the 2"panels midpoint rule.
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Table 1

Suitable acceleration methods

asymptotic expansion asymptotic scale asymptotic scale
Sp — 8 known unknown
Z;’il CjAT (sn)  Richardson extrapolation® e-algorithm?)
Amn? Y izo cjn™J (sp)  E-algorithm® Levin transforms?)
n? 2;";0 c jn‘j (sn)  generalized p-algorithm® automatic generalized
modified Aitken 62 formula® p-algorithm
(s2n)  Richardson extrapolation!) e-algorithm?
S cijnfiT (sn)  E-algorithm® d-transform
(s3n)  Richardson extrapolation®) e-algorithm?
n® Z]o-?__o(aj +bilogn)n™! (ss) E-algorithm® d-transform
(sgn)  E-algorithm® e-algorithm?
> cij(log n)T"in?=7 (sn)  E-algorithm®

(s3n)  E-algorithm® d-transform

D Formula (7.37), 2) Theorem 8.4, 3) Theorem 6.2, 4) Theorem 9.1, 5) Theorem 13.2, 6) Theorem 10.5.

We raise the following questions.
1. Find an efficient algorithm for the automatic generalized p-algorithm.

2. Find an acceleration method that works well on a sequence (s,) satisfying

o 0 > a,-j+b,~jlogn
snws—l—Zn Z———————nj . (4)
1=1 7=0

Such sequences occur in numerical integration.

3. Find an acceleration method that works well on a sequence (s, ) satisfying

oo

i ;
s‘n~s+nozzcz—’](ilijgﬂ. (5)

7=0 =0

Such sequences occur in singular fixed point problems.
4. Extend results for scalar sequences to vector sequences. In particular, study

acceleration methods for logarithmically convergent vector sequences.
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Appendix A. Asymptotic formulae of the Aitken 62 process

Lemma 10.3 Suppose that a sequence (s,) satisfies
sp =5+ con? +en? !t + eonf? 4 O(n9_3), (A1)
where 6 < 0 and co(# 0),c1,cy are constants. Then the following asymptotic formule

hold. ‘
(Asp)? B c

o —e4 0 6 6—1
(1) sp Aty = + " +O0(n°7%).
(2) 85 — T AT, s+0(n").
-1 AspVs, 9—2
(3) sn — 8 As Vs = ° + 0(n"™*).

Proof. (1) Using (A.1) and the binomial expansion, we have

1 0 1 6—1
Asp = con’ (1 + —) —1| 4 en?t (1 + —) — 1}
n n

1 6—2
+ czng_2 l:(l + —) -1 + O(n9_4)
n
6—1 1 -2
= Coen + <§C09 + Cl) (9 - 1)n
+ [%COG(H -1)+ —;-01(6 -1+ CQ] (6 — 2)n9_3 + O(n9_4) (A.2)
and
1 6—1
A2s, = cofn?1 (1 + ——) - 1]
n
1 1\"?
+ (5609 + Cl> (6 - 1)710_2 [(1 + ;) -1+ O(n0_4)
= (0 — 1" |14 (1+ L) o-2L 1oL
- cob n n2’|’
By (A.2),
2¢ 1 1
2 _ 2p2. 20-2 “41 _1\= _
(Asp)® = c56°n [1—|—<1+009) (6 1)n+0(n2)},

then we have
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Thus we obtain

(2) By (A.3), we have

(3) Similarly,

1
Vs, = cofn?™1 + <—§c09 + cl> (6 — 1)710_2

—|— I:%Coe(o — 1) — %cl(G — 1) + Cz] (9 it 2)”0_—3 + O(na_4).

By (A.2) and (A.4) we have

2C1

As, Vs, = cafn?0~? [ —5(0 - 1) + 0(%)] :

and
en =9 =aate 0 1+ 2 0]
Thus
AAsin—vsV?n - 00161"‘9 ” Eﬁ * O(—)]
Therefore we obtain
o= T = s O,

as desired. O
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Appendix B. An asymptotic formula of Lubkin’s W transformation

For a sequence (s,), the 6, transform is defined by

o+ 1 ASnASn+1
o AZs,

5&(371) = Sp+1 —

7

where « is a positive parameter.

Theorem 11.6 (Sablonniere) Suppose that a sequence (s,) satisfies

6 = )
Sp~Ss+n ;n_ﬂ— (B.1)
If W, i is represented as
(k) (k)
1

Wt —s=nf"2 [cgk) + -C;— + 6—22— + 0(7—5)] , c(()k) # 0, (B.2)

then
Wn,k+1 — 8§ = n0—2k—2 l:c(()k+1) + O(%):l 9

where

by _ (1 40—2k)  2(cSVR(6 —2k) — V)2
0 6(6 — 2k) c§9(6 - 2k)?
L R0 = 2k)(0 — 2k — 1) — 46V k(6 — 2 — 1) + 4

(6 —2%)2(6 — 2k — 1) (B.3)
Proof. Let &, &* and éF be defined by
Wok =5 = (n 4 07210 né:)k * (né—%-k;cﬁ + O((n —i k)? )} |
Then
Wk = s =& n" = 4 (eh(0 - 2k) + &) nt=261
+ (%55’“)192(6 —2k)(0 -2k — 1)+ &Pk(6 - 2k — 1) + ag’”) nf=2k=2
+ O(n9—2k—-3) (B4)
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By (B.2) and (B.4), we have

E(()k) _ cék)’

B = — B kg — 2k) + P

1 ] . .
49 = IR0~ 2k)(6 — 2k — 1) = k(O - 2k ~ 1) + Y

9 .

By Theorem 10.4,
(52k—0(Wn’k) — 8§ = dgk+l)(n +k+ 1)9—-2k—2 + O((n Y 1)0—2](7——3)'

where
gD _ ala+o-20) (&) + 2,
0 12 6gk)(9—2k)2 (9—2’6)(9—2]6—1)’
_ cgk)(l + 6 — 2k) B (cgk) — c((]k)k(e — 2k))?
12 c$F (8 — 2k)?
26— 2k)(8 — 2k — 1) — 26 k(6 — 2k — 1) + 2¢3” (B.5)
(6 —2k)(0 — 2k — 1) ' '
By (B.2),
AWn—{—],k
(k)
_ i 3 0—-2k—-1)\ 1
= (6 — 2k ™ |14 | S(6- 2%~ 1)+ <§c> )
cy (8 —2k) n
/_ Y k) N\ a_ oz
Ko o1 _ : -2k =2
(g6 —2k— 1)+ ET g —
6 270 —2k) g (8 — 2k) "
1
+0(7—1§)] ’ (B.6)
and
VVn+1,k — 62k—0(I/Vn,k)
(k)
_ 1
= Pps=2k 14 (g ok + _ch_ -
cé )] n
(k) , (k) (k+1)
1 N — 9 o (0-2k-1) ¢ _d !
- (5(9 —2k)(6 — 2k - 1)+ B RO ONY
0 0 0
1
+O(n_3)] . (B.7)
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We put
I/Vn,k—i-l — S = Wn+1,k - ]\T/D

Then

N = AWagi b Wog1k — b2k—s(Wh k)

6 K29 — 4k — 1) 1
1 (234 a fk) )} 1
2 2 g (6 — 2k) n

— (cgk))2(9 _ 2k,)n26—4k—1

190 19k 7. 62k —1)(50 — 10k — 3)
0 — 2k —1)(— — — — =)+ 1
o N i
2680 -2k —1) ()20 -2k—1) d¥VN 1 o L
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(B.8)

Similarly, we have

D= AWyniix — Abog—o(Why k)
g ok — 1)\ 1
1+ §(<9—2I<:—1)+c1 (g) )\ 1
2 ¢y (6 —2k) n
3¢90 — 2k — 1) oV alty 6 — 2k —2
2890 -2k)  Po-20) P2k ?

= cgk)(e — 2k)nf—2k-1

n

+ (%(6—2k—1)+
+O(%)} . (B.9)

By (B.8) and (B.9),

N _ (K _6-2k Cgk) 1
B—CO n 14+ H—2k+ggkj)" 7—2‘

(k) (k) (k+1)
1 6 _ 9%k
+ (5(6—%)(0—2]@—1)4— a (0-2k-1 o 24, ) !

cgk) c(()k) B c((,k)(G —2k) n?
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n®
Since Wy k41 — 8 = Woi1x — N/D | we obtain

2d(()k+l)

—2k—2 §—2k—3
0 on " + O(n ).

Wokst — s =
This completes the proof. d
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FORTRAN PROGRAM

Here we give a FORTRAN program that includes the subroutines GENRHO, the
generalized p-algorithm, and MODAIT, the modified Aitken 62 formula. The main rou-

tine given below is an example of applications of the subroutines to the series
n
1
P — —_

The parameters NMAX, EPSTOR, DMINTOR, XTV in the main program INFSER are
as follows:
NMAX The maximum number of iterations.
EPSTOR The absolute error tolerance.
DMINTOR  For a variable z, if |z| <DMINTOR then the program stops.

XTV The true value, i.e. the limit of the sequence.

The variables N, ILL, TH in GENRHO and MODAIT are as follows:

N A positive integer n such that s, is the n-th term.
ILL A non-negative integer. If ILL> 0, then the program stops.
TH A real number. The exponent 6 in the asymptotic expansion.

The variables XX, RHO, KOPT in GENRHO are as follows:
XX The n-th term s,. (input)
pg,z*%), where k = [n/2]. (output)
RHO An array of dimension (0:1,0:NMAX)
RHO(I,k):pgcn_l_k) (input)
RHO(l,k):pEcn_k) (output)
KOPT A non-negative integer such that pgz—zk) is

the accelerated value where k =KOPT.

The variables XX, S, KOPT, DS in MODAIT are as follows:
XX The n-th term s,. (input)
sgcn—‘k), where k = [n/2]. (output)
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S An array of dimension (0:1,0:NMAX)
S(l,k):sgcn_l—k) (input)
S(l,k):sgcn_k) (output)

KOPT A non-negative integer such that sgcn_k) is
the accelerated value where £ =KOPT.

DS An array of dimension (0:1,0:NMAX)
DS(1,k):s\ 71 — (=R (i hut)
DS(1,k):3§cn_k) — sgcn—k—l) (output)

The function TERM(N) returns the n-th term of infinite series.

C ACCELERATION METHODS FOR INFINITE SERIES
PROGRAM INFSER
IMPLICIT REAL*8 (A-H,0-Z)
IMPLICIT INTEGER*4 (I-N)
CHARACTER CEQ*60,CACCL*60
PARAMETER (NMAX=20,EPSTOR=1.0D-12,DMINTOR=1.0D-30)
EXTERNAL TERM
REAL*8 X(1:NMAX)
REAL*8 RHO(0:1,0:NMAX)
REAL*8 TRHO(0:1,0:NMAX)
REAL*8 S(0:1,0:NMAX),DS(0:1,0:NMAX)
REAL*8 TS(0:1,0:NMAX),DTS(0:1,0:NMAX)
CEQ=’> A_I=1/SQRT(I)/I
XTV=2.61237534868549D0
DO 101 IACCL=1,2
GO TO (102,103),IACCL

102 CACCL=’ AUTOMATIC GENERALIZED RHO ALGORITHM °
GO TO 109

103 CACCL=" AUTOMATIC MODIFIED AITKEN DELTA SQUARE °
GO TO 109

109 CONTINUE

WRITE (*,3000)
WRITE (*,*) CEQ
WRITE (*,*) CACCL
WRITE (*,3100)
ILL=0
XX=0.0DO
DO 201 N=1,NMAX
X0=XX
XX=XX+TERM(N)
X(N)=XX
IF (N.EQ.1) THEN
DX=XX
GO TO 209
ENDIF
IF (N.EQ.2) THEN
DX0=DX
DX=XX-X0
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D2X=DX-DX0
DD=DX/D2X
GO TO 209
ENDIF
DX0=DX
DX=XX-X0
D2X=DX-DX0
DDO=DD
DD=DX/D2X
ALPHA=1.0D0/(DD-DD0)+1.0D0
TH=-2.0DO0
NN=N-2
GO TO (202,203),IACCL
202 CALL GENRHO (ALPHA,TRHO,NN,DMINTOR,KOPT,NMAX,ILL,TH)
GO TO 209
203 CALL MODAIT (ALPHA,TS,DTS,NN,DMINTOR,KOPT,NMAX,ILL,TH)
GO TO 209
209 CONTINUE
ERX=ABS (XX-XTV)
SDXER=-L0G10 (ERX)
XP=XX
IF (N.LE.2) GO TO 229
GO TO (210,220),IACCL
210 CONTINUE
DO 211 NN=1,N
XP=X (NN)
TH=ALPHA
CALL GENRHO(XP,RHO,NN,DMINTOR,KOPT,NMAX,ILL,TH)
211 CONTINUE
GO TO 229
220 CONTINUE
DO 221 NN=1,N
XP=X(NN)
TH=ALPHA
CALL MODAIT(XP,S,DS,NN,DMINTOR,KOPT,NMAX,ILL,TH)
221 CONTINUE
GO TO 229
229 CONTINUE
ER=ABS (XP-XTV)
SDER=-L0G10 (ER)
IF (N.LE.2) GO TO 232
231 WRITE (*,2000) N,XX,ALPHA,XP,SDXER,SDER,KOPT
GO TO 239
232 WRITE (*,2010) N,XX
GO TO 239
239 CONTINUE
DXP=ABS (XP-XP0)
XP0O=XP
IF (DXP.LT.EPSTOR) GO TO 300
IF (ILL.GE.1) GO TO 300
IF (N.LE.2) GO TO 201
201 CONTINUE
300 CONTINUE



WRITE (*,3100)
IF (ILL.GE.1) THEN
WRITE (*,*) °> ABNORMALLY ENDED °
ENDIF
WRITE (*,3100)
101 CONTINUE
2000 FORMAT (I4,3D25.15,2F7.2,I5)
2010 FORMAT (I4,1D25.15)
3000 FORMAT (1H1)
3100 FORMAT (/)
9999 STOP
END

FUNCTION TERM(N)
REAL*8 X,TERM
X=DBLE(N)
TERM=1.0D0/X/SQRT (X)
RETURN

END

SUBROUTINE GENRHO(XX,RHO,N,DMINTOR,KOPT,NMAX,ILL,TH)

REAL*8 DMINTOR,ER,TH

REAL*8 RHO(0:1,0:NMAX)

REAL#*8 DRHO,XX

KOPT=0

IF (N.EQ.1) GO TO 110

KEND=N-1

DO 101 K=KEND,O0,-1
RHO(0,K)=RHO(1,K)

101 CONTINUE
110 CONTINUE

RHO(1,0)=XX

IF (N.EQ.1) THEN
RHO(1,1)=-TH/XX
GO TO 199

ENDIF

DRHO=RHO(1,0)-RHO(0,0)

ER=ABS (DRHO)

KOPT=0

IF (ER.LT.DMINTOR) THEN
ILL=1
GO TO 199

ENDIF

RHO(1,1)=-TH/DRHO

KEND=N

DO 121 K=2,KEND
DRHO=RHO(1,K-1)-RH0O(0,K-1)
ER=ABS (DRHO)
IF ((ER.LT.DMINTOR).AND.(MOD(K,2).EQ.1)) THEN

KOPT=K-1
GO TO 140
ENDIF

IF ((ER.LT.DMINTOR).AND.(MOD(K,2).EQ.0)) THEN

123



ILL=1
GO TO 199
ENDIF
RHO(1,K)=RH0O(0,K-2)+(DBLE(K-1)-TH)/DRHO
121 CONTINUE
IF (MOD(N,2).EQ.0) THEN
KOPT=N
ELSE
KOPT=N-1
ENDIF
140 CONTINUE
XX=RHO(1,KOPT)
199 RETURN
END

SUBROUTINE MODAIT(XX,S,DS,N,DMINTOR,KOPT,NMAX,ILL,TH)

REAL*8 DMINTOR,TH,COEF

REAL*8 W1,W2,XX

REAL*8 S(0:1,0:NMAX),DS(0:1,0:NMAX)

KOPT=0

IF (N.EQ.1) GO TO 110

KEND=INT((N-1)/2)

DO 101 K=0,KEND
S(0,K)=S(1,K)

IF ((MOD(N,2) .EQ.1).AND.(K.EQ.KEND)) GO TO 101
DS (0,K)=DS(1,K)

101  CONTINUE

110  CONTINUE

S(1,0)=XX

IF (N.EQ.1) THEN
DS(1,0)=XX
GO TO 199

ENDIF

DS(1,0)=XX-S(0,0)

KEND=INT(N/2)

DO 111 K=1,KEND
W1=DS(0,K-1)*DS(1,K-1)
W2=DS(1,K-1)-DS(0,K-1)

IF (ABS(W2) .LT.DMINTOR) THEN
ILL=1
GO TO 199
ENDIF
COEF=(DBLE(2#%K-1)-TH)/ (DBLE(2*K-2)-TH)
S(1,K)=S(0,K-1)-COEF*W1/W2
IF (N.EQ.2%K-1) GO TO 111
DS(1,K)=S(1,K)-S(0,K)
111 CONTINUE
120 KOPT=INT(N/2)
140 CONTINUE
XX=S(1,K0PT)
199 RETURN
END
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