














































































































































(3)β和一
β-1△5陀∇5陀

β △5和一∇β柁 =5+0(nβ●2).

Proof.SeeAppendixA. 口

Asequencetrans払rmation

5mトーー}5m~
β-1(△5陀)2
β △25m

wasconsideredbyOverholt[42]･Asequencetransformation

β-1△β陀∇5氾
5托トー~}5烏-

β △5和一∇βm

(10.15)

(10･16)

wasfirstconsideredbyDrummond[15]･Forasequencesatisfying(10･14),Drummond's

modification(10･16)isbetterthanOverholt'smodification(10･15)･

Drummond'smodificationhasbeenextendedbyBj@rstad,DahlquistandGrosse[4]

as払1lows:

㍑=1,2,‥.,

2た+1一β△5㌘)∇5㌘)
2た-β

△5㌘)-∇β㌘)'
た=0,1,…;n≧た+1,

(10･17a)

(10･17b)

(10･17c)

where△and∇operateontheupperindexes.12Theformula(10.17)iscalledthemod訴ed

Aiiken62formula.The払1lowingtwotheoremsarefundamental.

TheoremlO.4(Bj@rstad,DahlquistandGrosse[3,P.7])HsYl)isrepreseniedas

β㌘し5=n∂-2セ+誓+誓･0(去)
兢e†乙

ぴんeγe

,CSた)≠0,
(10.18)

瑠1-5=nβ-2た-2[c£叫+0(鉦

cs叫一望(1+β-2たト
(ciた))2 2c皇た)

c£た)(2た-β)2■(2た-β)(2た+1-β)

12sたdefinedbyBj卯Stad,DahlquistandGrosseagreeswiths㌘)in(10･17)･
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TheoremlO.5(Bj@rstad,DahlquistandGrosse)Wiihiheabovenoiation,げc£j)≠0
わγJ=0,…,た-1フ兢eT乙

β乞托し5=0(nβ-2た)αβn→∞.
(10･21)

PoofiByinductiononk,theproof払1lowsfromTheoremlO･4･ □

ExamplelO･2WeapplytheiteratedAitken62processandmodifiedAitken62process

tothepartialsumsof((1.5).Wegivesn,禿n-2k)andsEn-1)inTablelO.2,Where
ルーLLIL-1)/2｣andl=Lri/2｣･Bythefirstllterms,WeC>btainlOexactdigitsbythe
modifiedAitken62formula.

TablelO.2

TheiteratedAitken62processand

themodifiedAitken62formulaapplyingtoe(1.5)

m 5m

二漂~2た)β～扁)
1 1.00

2 1.35

3 1.54 1.77

4 1.67 1.90

5 1.76 2.14

6 1.82 2.19

7 1.88 2.33

8 1.92 2.36

9 1.96 2.44

10 1.99 2.46

11 2.02 2.539

12 2.04 2.524

13 2.06 2.525

14 2.08 2.522

2.640

2.6205

2.6159

2.612329

2.61237657

2.61237560

2.6123753431

つRlつっ7 貝147貝 ち
.▲..一●

) ⊥▲..Jlし′l し′t′ ⊥ ● しノ t_′

2.612375348716

2.612375348710

2.612375348717

2.612375348604

2.612375348613

∞ 2.61 2.612 2.612375348685

10.3The automatic modified Aitken62formula

ThemaindrawbackofthemodifiedAitken62processisthatitneedtheexplicit

knowledgeoftheexponentOsuchthat

CX⊃

･､〃ノ､･､+JJ〟
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whereO<O and co(≠0),Cl,…areCOnStantS･Drummond[15]commentedthatfora

sequencesatis付ing(10･22),

(10･23)

wherethesign≒denotesapproximateequality･MoreoverBj@rstadetal･[4]showthat

β柁～β+m-2孟宗,
(10･24)

J=O

whereOnisdefinedbytheright-handsideof(10･23)andto(≠0),tl,･･･areCOnStantS･

Thusthesequence(On)itselfcanbeacceleratedbythemodifiedAitken62process

WithO=-2in(10･17c)･

Supposethatthefirstntermssl,･･･,SnOfasequencesatisfying(10･22)aregiven･

Thenwedefine(iYn))as払1lows:
Initialization.tと0)=0.
Fbrm=1,.‥,n-2,

ナこ.両=

ナに1=ナゝ､…)
2た+3△焙)∇焙)
2た+2△焙)-∇焙)'

た=0,…,Lm/2｣-1,

where△tYn)=iYn+1)-tYn)and∇焙)=焙)-i{.1).Thenweput

α托=〈;告1
ifnisodd,

ifniseven,

(10･25a)

(10･25b)

(10･26)

Wherek=L(n-1)/2｣.SubstitutingαnforOinthedefinitionofthemodifiedAitken62

formula(10･17),WeCanObtainthe払1lowings:

Initialization･S㌍乙=0･
R)rm=1,‥.,n■!

瑠=5m,

5崇た1=瑠
2た+1-αm△瑠∇瑠
2た-α陀

△瑠-∇β霊'
た=0,･‥,Ln/2｣-1,

69



where△瑠=S汀1)一塁and∇瑠=瑠-S汀1)
Thisschemeisca11edthe

auiomaiicmod挿edAiiken62-hrmula.Thedata且owof

thisschemeisas丘)1lows(casen=4)‥
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FbraglVentOlerancee,thisschemeisstoppedifnisevenand

l鵡一鵡_1l<∈,

orifnis odd and

lβ禁‡1)一基l<∈,

(10･28a)

(10･28b)

Wherek=Ln/2｣･
AFORTRANsubroutineoftheautomaticmodifiedAitken62払rmulaisglVenin

Appendix.

ExamplelO･3Ⅵ毎applytheautomaticmodifiedAitken62払rmulatothepartialsums

oful･5)･W6givesn,αnin(10･26)ands㌘Jk)inTablelO･3,Wherek=Ln/2｣･Bythe
firstllterms,WeObtainllexactdigitsbytheautomaticmodifiedAitken62formula.
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TablelO.3

TheautomaticmodifiedAitken62払rmula

applyingto((1･5)

n 5柁 αm

β㌘Jた)
1 1.00

2 1.35

3 1.54

4 1.67

5 1.76

6 1.82

7 1.88

8 1.92

9 1.96

10 1.99

11 2.02

12 2.04

13 2.06

-0.544

-0.5071

-0.50015

-0.500013

-0.499999938

-0.499999967

-0.50000017

-0.500000068

-0.50000000013

-0.49999999923

-0.499999999923

14 2.08
-0.500000000079

2.55

2.604

2.61218

2.6123600

2.612354

2.61237541

2.61237525

2.612375314

2.612375348635

2.61237534882

2.61237534872

2.612375348620

∞ 2.61
-0.500000000000

2.61237534868549
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11.Lubkin?s W transformation

Lubkin,sWtrans払rmationisthefirstnonlinearsequencetrans払rmationthat can

acceleratenotonlylinearsequencesbutalsosomelogarithmicsequences･

11.1The derivation ofLubkin?s
W transformation

Almostalllogarithmicallyconvergentsequencesthatoccurinpracticesatisfy

5托+1-5 ,.
△5m+1

=1illl
m→∞ 5和一5 γ扁 △5托

5陀+2~β

1il･･Il

Supposethatasequence(sn)satisfies

1inl
和一→OC〉

5托+1●5
=J)

一日= (11･1)

(11･2)

WhereJ(≠0),S∈R･AsKowalewski[25,p･268]proved,0<J≦1･Theequality(11･2)
isequlValentto

△5れ+1△5陀

γこ二義(5叫1-5)△25m

IfJin(11･3)isknown,SOlvingtheequation

△5m+1△5托

1il･1･1

(5叫1--5)△25れ

β=5m+1

for the unknown s.we have

= 0■.

= け･

1△5柁△5㍑+1

J △25陀

(11･3)

(11･4)

(11･5)

WhenJ=1,theright-handsideof(11.5)coincideswiththeAitken62process.when

O<J<1,thatof(11.5)coincideswiththemodifiedAitken62formula.

IfJin(11･3)isunknown,SOIvingtheequation

△β乃+2△5m+1

(5柁+2-5)△2β叫1

払rtheunknowns,WeObtain

5=5m+1

△5れ+1△5托

(β柁+1-β)△25m

△5叫1△5m△25叫1

△5叫2△25n一△5柁△25叫1
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Asequencetrans払rmation

lγ:5柁ト→5陀+1-
△5叫1△βm△25叫1

△5柁+2△25和一△βm△25托+1
(11･8)

is called Lubkin,s Wiran3formaiion[29],Orthe WiranJ蜘rm払r short･The relation

betweentheWtransfbrmandthemodifiedAitken62processwillbetreatedinsubsection

ll.3.

Fbrasequence(sn),WedefineⅣ柁by13

l仇=5m+1
△β叫1△5托△25叫1

△5氾+2△25和一△5陀△25托+1

吼canberepresentedasvarious払rms.

lγ托=5柁+2-
△β叫1△β叫2△25m

△β陀+2△25和一△5m△25叫1

△2(志)
△2(去)

=5m+2~
1 2

△β陀+2 △βm+1

SincetheAitken62processcanberepresentedas

+
ふ
‖

(11･9)

(11･10)

(11･11)

(11･12)

(11･13)

theformula(11.11)meansthat the W transformis amodification ofthe Aitken62

process･Lubkin[29],Tucker[55]andWimp[58]studiedtherelationshipbetweentheac-

celerativeness払rtheWtransformandtheAitken62process･

WbremarkthatT%isalsorepresentedas

ll▼り=

βm+1 5㍑+2

△5･托△5叫1/△25陀△5叫1△5叫2/△25叫1

1 1

△5m△5叫1/△2βm△5叫1△5叫2/△25叫1

13Ⅵ㌦in(11.9)coincideswithLubkin,soriginalWn+2･
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whichistheLevinv-tranS払rm7寸n+1)withRn=△sn_1△sn/△2sn_1in(9.5).
11.2The exact and acceleration theorems ofthe W transformation

Byconstruction,theWtransformisexacton(sn)satisfying(11･6)･Moreprecisely,

thefo1lowlngtheoremholds.

Theoremll.1(Cordellier[13])Supposeihal△sn+2△2sn≠△sn△2sn+1hr∀n∈No･

rんe7も兢eⅣかα几J直γm去βe諾αCま0几(5m)げα几do埴げ5托Cα几あerepγeβeTもまedαβ

3m=β十∬ロメ=1

ぴんeγe∬去βαれ0花Zeγ0γeαgフα≦0α㍑d

Jα+あ+1

Jα+占
7

ら<一書αmdら≠-1如=0,
Jα+あ≠0,-1わγJ∈N,げα<0.

/111R＼
＼⊥⊥●⊥Uノ

Proo£See[13,P･391]orOsada[40,Theorem2]･ □

Examplell.2LetKbeanonzeroreal.

(1)(Wimp[58])Settinga=Oin(11･15),theWtrans払rmisexactonsn=S+K(1+

1/b)n-1,eVenif(sn)deverges.

(2)Settinga=-1andb=-1in(11･15),theWtransk)rmisexactonsn=S+K/n.

WecitetwotheoremsthatwereprovedbyLubkin.

Theoremll･3(Lubkin[29,TheoremlO])Supposeihaiasequence(sn)converyes and

lim△5m+1/△5托=P.∫祝ppO3e兢αま0花eOJ翫ルggoび去几夕伽eeco几d五ま壱0几βんogdβニ

(i)β≠0,±1,

(ii)β=0α几d△5m+1/△β和宣=Jcomβまα几まβ加わγβ櫛c去e花物gα巧eγl,

(iii)β=-1α几d(1+△5叫2/△右汁1)/(1+△5叫1/△5托)>1.

rんe花兢eⅣかα花βカγmαCCegeγαまeβ(5柁)･

Theoremll･4(Lubkin[29,Theorem12】)Supposeihaia3equenCe(sn)con･Uerye3and

△5叫1/△5和んαβα花αβympわま五ce諾pα花β去0…J兢eわγm

△5乃/△5和一1～Co+慧+芝+…)(11･16)

ぴんeγeCo,Cl,･‥αγeCO花βね㍑まβ･rんe几兢eⅣ行α几ゆγmαCCegeγαまeβ(β陀)･
The
preceding theorems show that the WT trans払rm accelerates not onlylinear

SequenCeS(Theoremll･3(i)(iii))butalsoalargeclassoflogarithmicsequences(thecase

co=1inTheoremll･4)･However,theAitken62processhasnotthisproperty.
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11.3Theiteratation ofthe W transformation

TheWtrans払rmcanbeappliediterativelyasfo1lows14‥Fbrn=0,1,･･･,15

璃柁)=β氾,

璃ニ1=璃刷) △両州)△璃陀)△2Ⅵ亮刷)
△璃叫2)△2硬上△璃m)△2頑刷)7

た=0,1,‥.,

(11･17a)

(11･17b)

where△WY)=Win+1)-Win).Thealgorithm(11･17)iscalledtheiieraiedWirans-
ルアmαま五0㍑･

InordertoglVeanaSymPtOtic払rmulaoftheiteratedWtransform?Wedefinethe

6｡tranSformation(Sablonniらre[47])･Fbrasequence(sn),the6｡tranS払rmisdefinedby

∂｡(5陀)=5叶1
α+1△5m△β乃+1

α △25m'

whereαisapositiveparameter.Forasequence(sn)satisfying

5托～…β∑慧7

∂_β(β陀)=5≦叫1)in(10.17).

Lemmall.5(Sablonni占re)Underiheabovenoiaiion,

帆=5氾+1
△β叫1(β叫1-∂α(β陀))

△5叫1t△(∂｡βm)'

ProoflBythedefinitionof6α,Wehave

5叫1-∂｡(5m)=

△5叫1-△(∂｡5托)=

and

α+1△5m△5托+1

α △2β陀'

α+1

α

∀α>0.

△5m+2△5氾+1 △5m△5m+1

△25m+1 △25m

Thuswecanobtaintheresult(11･20)･ 口

(11･18)

(11･19)

(11･20)

(11.21)

)･(11･22)

14w£n)in(11･17)coincideswith考n)ofWeniger[57]andl仇.3k,kOfOsada[39,p･363]
15whenthesequencesnisdefinedinn≧1,Substitute`n=1,2,‥.,for'n=0,1,…'
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UsingtheabovelemmaandtheasymptoticformulaofthemodifiedAitken62formula

(TheoremlO･4),Sablonni占rehasprovedthefollowingtheorem.

Theoremll.6(Sablonni6re[47])Supposeihaiasequence(sn)salidie3(11.19).HWY)

璃托)-5=nβ-2セ+誓+誓+0(去)],Cとた)≠0)(11･23)
兢e71

鴫ト5=nワ~`〝~`Lc呂町ノ+0(汁

c5頼1)

ぴんeγe

cとた)(1+β-2た)2(cとた)た(β-2た)-Cミた))2
6(β-2た)

c£た)(β-2た)3

cとた)た2(β-2た)(β一2た-1)-4c皇た)た(β-2た-1)+4c皇た)
(β-2た)2(β-2た-1)

(11･24)

(11･25)

Proof.SeeAppendixB. □

Theoremll･7(Sablonnibre[47])Wiihiheabo･UenOlaiion,UcSj)≠Ohrj=0,1,…,k-
1.砧川.

璃柁)-5=0(n∂-2た)α…→∞ (11.26)

ProoL Byinductiononk,theproof払1lowsfromTheoremll.6. ロ

SablonniらrehasalsoglVenanaSymPtOticformulaoftheWtransformapplyingtoa

SequenCeSatisfying
OC〉

5柁～β+nβ ∑諾
J=0
扁/2,

(11･27)

WhereO<Oandco(≠0),Cl(≠0),C2,...areCOnStantS.

Theoremll･8(Sablonnibre[47])Supposeihalasequence(sn)sa瑚es(11.27).H璃柁)
んαβα花αβympねま去cわγm≠gαOJ兢eルγm

璃托しβ=Cとた)n…/2+c≦た)n…/2-1/2+0(nβサ2-1),｡£た)≠0,(11.28)

璃ニトβ=C乙川)n…/2~1/2+ci叫)n…/2-1+0(nβサ2-3/2),(11.29)
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ぴんeγe

αれd

c∑日刊-

c皇粗)-

ciた)
(た-2β)2(た+2-2β)

(c皇た))2(た-1-2β)(た+1-2β)2

c5た)(た-2β)4(た+2-2β)2

(11･30)

(11.31)

Recently,Osada[39]hasextendedtheiteratedWtransformtovectorsequences;the

Euclidean Wtransformandthevector Wtransform.A similarproperty toTheorem

ll.7holds払r both transforms.

11.4NumericalexamplesoftheiteratedⅥ′transformation

FbrlinearlyconvergentsequencestheWtransformworkswell･

Examplell.1Letusconsider

Tl.

5m=∑(-1)五~1⊥た1
誘●

1

(11.32)

Weapplyth｡iteratedWtransformto(11.32).Wegivesn,璃n~3k)inTablell.1,Where
k=L(n-1)/3｣･Bythefirst17terms,WeObtain15exactdigits･

Tablell.1

TheiteratedWtrans払rmapplyingto(11･32)

n 5m 璃㍑~3た)
1 1.00

2 0.29

3 0.87

4 0.37

5 0.81

6 0.40

7 0.78

8 0.43

9 0.76

10 0.45

11 0.75

12 0.46

13 0.74

14 0.47

0.6061

0.60442

0.60511

0.604900

0.6048979

0.60489888

0.6048986446

0.60489864306

0.60489864354

0.60489864322192

0.60489864322155

17 0.72 0.604898643221630

∞ 0.60 0.604898643221630
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Examplell･2Wea･PPlytheiteratedWtransformtothepartialsumsoful･5)･We

givesn,Win-3k)inTablell.2,Wherek=L(n-1)/3｣.Bythefirst15terms,WeObtain
9exact digits.Forthisseries,theiteratedAitken62processcannotacceleratebutthe

iterated Wtrans払rmcando.However,theWtrans払rmisinf6riortotheautomatic

modifiedAitken62formula.

Tablell.2

TheiteratedWtrans払rmapplyingtoul･5)

ナ′･､〃 l11.′卜岬
1 2.0

2 1.35

3 1.54

4 1.67

5 1.76

6 1.82

7 1.88

8 1.92

9 1.96

10 1.99

11 2.02

12 2.04

13 2.06

14 2.08

2.590

2.6019

2.6063

2.612343

2.612362

2.6123690

2.61237527

2.612375326

2.612375337

2.612375330

2.612375365

15 2.10 2.6123753440

∞ 2.61 2.6123753486

Examplell･3WeapplytheiteratedWtransformtothepartialsumsoful.5)+((2)=

4.257309415533714:

β柁=妄字
(11･33)

侮givesn,W[-3k)inTablell.3,Wherek=L(n-1)/3｣.Byth｡first20t｡rmS,

WeObtain4exactdigits･Forcomparison,WeShowLevinv-tranSform霊t22.TheW
transformisslightlybetterthantheLevinv-tranS丘)rm.
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Tablell.3

TheiteratedWtrans払rmapplyingto((1.5)+ぐ2)

′′.､‖ 什上.′卜川r∴リコ
1 1.0

2 2.6

3 2.9

4 3.09

5 3.22

6 3.31

7 3.39

8 3.45

9 3.50

4.05

4.14 4.18

4.17 4.212

4.19 4.226

4.2568 4.234

4.2590 4.240

4.2596 4.243

10 3.54 4.2596 4.246

11 3.58 4.2596 4.248

12 3.61 4.2596 4.249

13 3.63 4.2596 4.2509

14 3.66 4.2596 4.2518

15 3.70 4.2591 4.2525

20 3.77 4.257272 4.2546

∞ 4.25 4.257309 4.25730
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12･Thep-algorithm

AsSmithandFbrd[54】pointedout,thep-algorithmofWynnworkswellonsome

logarithmicsequencesbutfailsonanotherlogarithmicsequences･Inthissectionwemake

clear this fact.

12･1The recIPrOCaldifftrencesandthep-algorithm

Sincethep-algorgithmisaspecialcaseofrecIPrOCaldiff6rences,WebeglnWiththe

definitionofreciprocaldi鮎rences･Letf(x)beafunction.Thereciprocald亘節rencesof

f(xIwithargumentsl:07Xlフ…aredefinedrecllrSive]yhy
J ＼ /

伽(∬0)=.r(諾0),

β1(ご0,ご1)=
ご0~諾1

伽(ご0)一伽(ご1)'

伽(諾0,･‥,∬た)=伽-2(∬1,‥.,∬た_1)
ご0-ごた

伽-1(£0,…,∬た-1)一朗-1(∬1,‥.,∬た)'

た=2,3,.…

Substitutingxk)rXoin(12･1),Wehavethefo1lowingcontinued丘･aCtion.

.r(ご)=J(ご1)+

こlT-tl-1

β1(ご1,∬2)+
ニl'~｣‡-2

β2(ご1,諾2コご3ト伽(∬1)+竺二曇

Thelasttwoconstituentpartial丘actionsareas払1lows:

ご-ごト1

βト1(諾1,…,ごJ)-βト3(∬1,…,ごト2)+
こ■1-~こl'J

桝(∬,∬1,…,ごJ)-βト2(諾1,…,∬ト1).

(12･1a)

(12･1b)

(12･1c)

(12･2a)

(12･2b)

Theequalityof(12･2)holds払rx=Xl,…,Xl･Theright-handsideof(12.2)iscalled

rん玄ege㌔玄几まeγpOgαま五0几わγm祝gα.

Thep-algorithmofWynn[60]isdefinedbysubstitutingsn払rf(xn)andpとm)払r
Pk(xn,…,Xn+k)inthereciprocaldi鮎rence:

諦)=β柁,

′,1‖)=
β£叫1)-βS柁)7

β㌘')=β乞㌔1)十
βゝ11)一躍1'
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Thiele'sinterpolation払rmulaimpliesthecontinued丘･aCtion.

†1一 門l

β柁=阜m+

Neglectingtheterm

weobtain

和一m-1

β皇"-)-β£m)+

n-m-2長:

n-m-2

β皇m)-β皇m)+

β皇霊1-β皇だ1+

メ･J･I〒

和一m-2良:-1,

接)mた+α1nた-1+…+αた
nた+ら1rlた-1+…+毎'

(12･4)

(12.5)

(12･6)

Whereal)…,ak7b17･･･,bk areCOnStantSindependentofnandtheslgn≒denotesap-

PrOXimateequality･Byconstruction,theequalityof(12.6)holdsforn=m,…,m+2k.

Supposeasequence(sn)withthelimitssatisfies

5nた+α1γlた-1+…+αた
5m=

nた+ら1nた-1+…+毎
(12･7)

Then,bytheabovediscussion,P皇T)=Sforanym.Thusthep-alg｡rithmisarati｡nal
extrapolationwhichisexactonasequencesatisfying(12･7).

Asequencesatisfying(12･7)hasanasymptoticexpansionofthe払rm

5托～…β(co+慧+芝+…),aSm→∞
(12･8)

WhereOisanegativeintegerandcj,sareconstantsindependentofn･Conversely,SuPPOSe

thatOisanegativeinteger･Ifwetruncatethetermsuptock/nkin(12.8),thensnsatisfies

(12･7)･Thisfactsuggeststhatthep-algorithmworkswellon(12.8)ifandonlyifOisa

negativeinteger,Whichwillbeprovedintheendofthissection.

Recently,Osada[39]hasextendedthep-algorithmtovectorsequences;thevector

P-algorithmandthetopologlCalp-algorithm･
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12.2Theasymptoticbehaviorofthep-algorithm

Inordertodescribetheasymptoticbehaviorofthep-algorithm)WeShallusethe

fo1lowlngSequenCe･FbraglVennOnTintegerOandaglVennOnZerOrealc?WedefiIlethe

sequence(Cn)as払1lows:

C●1=0,

Co=C,

C2た_1=C2た_3+

C2た=C2た_2+

2た-1

βC2た_2

2良:

た=1,2,‥.,

(1-β)C2た-1
た=1,2,‥.,

(12･9a)

(12･9b)

(12･9c)

(12･9d)

Thissequence(Cn)iscalledtheassociaiedsequenceofihep-a190riihm･u,iihrespeciioO

α几d c.

Fbrtheassociatedsequenceofthep-algorithm?the丘)1lowingtwotheoremshold･

Theorem12.1Underihe aboJUe nOiaiion,

C2た_1=

C2た

た(2-β)(3-β)･‥(た-β)

cβ(1+β)…(た-1+β)

c(1+β)…(た+β)
(1-β)(2-β)…(た-β)

,た=1,2,…

,た=1,2,‥‥

ProofJByinductiononk.Fbrk=1,Cl=C-1+1/cO=1/cO,C2=Co+2/(1-0)Cl=

c(1+0)/(1-0)･Assumingthattheyarevalidた〉rk>1･Bytheinductionhypothesis,
we bave

C2た+1=C2た-1+

C2た+2=

Similarly,

2た+1

βC2た

た(2-β)…(た-β).(2た+1)(1-β)…(た-β)

cβ(1+β)‥･(た-1+β)' cβ(1+β)…(た+β)
(た+1)(2-β)…(た-β)(た+1-β)

cβ(1+β)…(た+β)

c(1+β)(2+β)…(た+1+β)
(1-β)…(た+1-β)

Thiscompletestheproof. □
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W占remarkthatTheorem12･1isstillvalidwhenOisanintegerandk<lOJ.

Theorem12.2Underihe abo･Ue nOialion,

C2た
Cr(-β)

正二完た2∂ r(β)'

Ⅷんeγer(∬)去β兢eGαmmαル花C如几･

ProofiBymeansofEuler'slimitformula払rtheGammafunction

Å丁!入TJ､

1iln

r(諾)=.1im▲＼Ⅳノ

五二完ご(諾+1)…(∬+た)'

we obtain the result. □

Nowwehaveasymptoticbehaviorofthep-algorithm.

Theorem12･3Lei(sn)beascquencesaii3h/in9

β陀～…β(co+慧+芝+･‥),aSm→∞･

(12･13)

(12･14)

(12･15)

上eま(C和)あe兢eαββOC去αまedβeヴ≠e几CeOJ娩eβ-αgタ0γ盲兢mび去塊γeβpeCまわβα几dco五几｢J2･叫･

エeまA=(1-β)(-1/2+cl/coβ).rんe㍑兢eルggoⅧま几タメorm祝gαeαγeγαg五d.

(1)

β皇氾)=Cl(㍑+1)=

β1

where

(2)

where

A β1

n+1■(n+1)2

β2-1.cl(1-β).(1
12 2co

β皇m)=5+C2(n+1)β

β2

+0((n+1)~3)

β)2c12.c2(2-β)

co2β2

■

coβ

Cl β2

Co(n+1)-(n+1)2

coβ(1+β).
2c12

c2(5-β2)
6(1-β)■coβ(1-β)■(1-β)2
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(3)∫叩pOβe娩αまβ≠-1,…,1-た･凡γJ=1,…,た,

躍1=C2ゴー1(n+J)1~欄

揚)=㌢+C2J(…J)β

lト
l

+孟]+0((叶軒∂)

Proofi(1)Usingthebinomialexpansion,Wehave

=Coβ(…1)β-1[1一読+(一宇+
+0((n+1)β~3).

Hence,WeObtain

βim)=Cl(n+1)=

(12.20)

+0((m+J)β~2) (12･21)

/1 ′l＼

Clし⊥~ロノ

2coβ

＼

-
ノ

遜∴瓢
+

′1 √ヽ

ロ
ー

∠

2

)l+n( ｢｣
)2221(

A β1

n+1一(n+1)2 +0((…1)-3)]･(12･23)
(2)and(3)･Similarlyto(1)･ □

ByTheorem12.3,WhenOin(12.15)isnon-integer,fbrfiⅩedk,

β皇芸)-β～C2た aSn′→∞, (12.24)
5㍑+2た~5

wheretheslgn～meanSaSymPtOticapproximate.When-Oissmallnon-integer,the

ハ

へ1什(γ;+Lm ハnn†1(+
L凸
へ-,q;1へLl凸〃▼u⊥8U⊥⊥u⊥⊥⊥⊥⊥ しノしん▲⊥⊥⊥Uu Uし t▲ノ∨■し▲⊥⊥t▲‖Lノ⊥し●

WhenOisanegativeinteger,Say-k,WehaveCo≠0,…,C2k-2≠OandC2k=0･

Thus,itfbllowsfromTheorem12.3that

競)=5+0((n+ん)-た-2),aSn→∞.

Asillustrations,WeglVetWOeXamPles･

Example12･1Weapplythep-algorithmtothepartialsumsofu2)‥

5m=皇吉･よ=1

(12.25)

(12.26)

Wegive3nandp皇芸~2k)inTable12.1,Wherek=L(n-1)/2｣.Bythefirst12terms,We
obtain12exact digits.
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Table12.1

Thep-algorithmapplyingtoぐ2)

5れ

β皇芸~2た)
1 1.00

2 1.25

3 1.36

4 1.42

5 1.46

6 1.49

7 1.511

8 1.527

9 1.539

10 1.549

11 1.558

12 1.564

13 1.570

14 1.575

15 1.580

1.650

1.6468

1.64489

1.644922

1.64493437

1.64493414

1.6449340643

1.64493406628

1.644934066864

1.6449340668418

1.644934066856

1.644934066882

1.644934066856

20 1.596 1.644934066850

∞ 1.644 1.644934066848

Example12･2Ⅵ毎applythep-algorithmtothepartialsumsoful･5):

β托=妄志･
(12.27)

Wbgivesnand競~2k)inTable12.2,Wherek=L(n-1)/2｣.Sin｡｡0=-0.5,th｡
P-algorithmcannotaccelerate(12･27)･
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Table12.2

Thep-algorithmapplyingtoql･5)

n+㍉.一塩~2た)
1 2.0

2 1.35

3 1.54 2.19

4 1.67 2.25

5 1.76 2.40

6 1ミ82 2,42

7 1.88 2.48

8 1.92 2.49

9 1.96 2.525

10 1.99 2.528

11 2.02 2.520

12 2.04 2.553

13 2.06 2.552

14 2.08 2.553

15 2.10 2.564

∞ 2.61 2.612
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13.Generalizationsofthep-algorithm*

Let(sn)beasequencesatis&ing

5m～5…∂(co+慧+芝+…)7
aSn→∞ (13･1)

whereO<Oandc｡(≠0),Cl,.‥areCOnStantSindependentofn･Asweprovedinthe

precedingsection,thep-algorithmworkswellonasequencesatisfying(13･1)ifandonly

ifOisanegativeinteger.Inthissectionweextendp-algorithmthatworkswellon(13･1)
払ranyβ<0.

13･1Thegeneralizedp-algorithm

Fbrasequence(sn)satisfying(13･1),WePutSo=Oifsoisnotdefined･Wbdefine

pYt)asfbllows:

把=0,

辟)=5陀,

β㌘)=βた1)+

た-1-α

βた1し把1'

た=1,2,‥‥

Thisprocedureiscalledthe9eneralizedp-a190riihmwiihaparameierα[37]･Itisobvious

that,Whenα=-1,thegeneralizedp-algorithmcoincideswiththep-algorithmdefined

in(12･3)･

w｡n｡Wd｡riv｡aSymPt｡ticb｡haviors払rthequantitiesp㌘)producedbyapplying
thegeneralizedp-algorithmwithparameterOtothesequencesatisfying(13･1)･

Theorem13.1(Osada)Hp皇芸し1andp皇芸)3alish/iheasympioiichrmulaeqflhehrm3

払ン講評+た-1)2…[1+0((m+た一1)~1)],
競)=5+(n+た)β~2た diた).d皇た)

m+た -(n+た)2
+0((m+た)~3)

(13･3)

(13･4)

拗頼㌣)≠0α㍑dd5た)≠0フ翫几

耽2=5…+hl)β~2た~2[d5仙)+0((㍑+た+1)~叶(13･5)

*The materialinthissectionistaken丘omthe author)spaper:N･Osada,A convergence acceleration

method董brsomelogarithmicallyconvergentsequences,SIAMJ･Numer･Anal･27(1990),pp･178-189･
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ぴんeγe

贈叫一誓(2…-1ト
(d£た))2(2た-β-1)
d£た~1)(2た-β+1)

(diた))2
dとた)(2た-β)2

2d皇た)
(2た-β)(2た-β+1)

(13.6)

ProoL Using(13･4)andthebinomialexpansion,Wehave

克+1し競)=-d£た)(2た-β)(n+ん+1)∂-2た-1

｢1/1 dミた)
×L⊥十し亘十

Hence,WeObtain

2た-β

d£た)(2た-β)

2た-β+1

2た-β-1.d皇た)(2た-β+1)
6

■

2d£た)(2た-β)
+0((n+た+1)~3)]

競+1)一読)一宗(n+た+り2叫~β
鋸/

2た-β-1.d皇た)+

＼)/

12 ■2dとた)

d皇た)(2た-β+2)

Bymeansof(13･2)and(13.8),

β皇:し1=

d皇た)
d5た)(2ゐ-β)

2た-β+1

n+た+1

イたし(, ハ､/(, ハ
_､

αd′し∠た~け八∠〟-け十り

+0((n+た+1)-3)]･

2見:-β+1

d£た)(2ゐ-β)

β-1.d皇た).(d皇た))2(2た+÷+

2た-∂+2

(れ+た+1)2

(13･7)

(d皇た))2(2た-β+1)

(d£た))2(2た-β)2
2た-β+1

/〈〈 l T_ 1＼り

し…丁れ+⊥ノ~

β+1)
12 -2d£た)■(dとた))2(2た-β)2

d皇た)(2た-β+2). d5た)
d£た)(2た-β)(2た-β+1)一d£た~1)(2た

+0((n+た+1)~3)]･
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Similarlyweobtain

β皇芸し2=β皇芸+1)+
2た-β+1

β皇諾)-β皇芸し1

=5+(n+ん+1)β~2た~2 (2た-β-1)

2d皇た)

(diた))2

dSた)(2た-β)2

(dとた))2(2た-β-1)
(2た-β)(2た-β+1)

+0((n+た+1)~1)]･

dとた~1)(2た-β+1)
(13･10)

Thiscompletestheproof. □

Theorem13.2(Osada)Wiihihenoialionabove,げdSj)≠Ohrj=0,1,...,k,ihen

競)=β+0((n+た)♂●2た). (13.11)

ProoL Bymeansoftheinductiononk,theprooffo1lowsffomTheorem13.1. □

Itiseasytoseethatp皇n)=Sin+1)in(10.17)whenα=0.Moreover,underthe

assumptionofTheorem13.2,P皇芸)-ShasthesameorderassYt+k)-Sdefinedin(10.17).
Fbranotherinformationofthegeneralizedp-algorithm,SeeWeniger[57】.

Example13.1Weapplythegeneralizedp-algorithmtothepartialsumsof((1･5).We

givesn,P皇芸~2k)inTable13.1,Wherek=Ln/2｣.Fbrcomparison,Wealsogivethe

modifiedAitken62formulas～n.1),Wherel=Ln/2｣.
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Table13.1

Thegeneralizedp-algorithmand

themodifiedAitken62k)rmulaappliedto((1.5)

n た 5㍑

β皇芸~2た) βと肝た)
1 0 1.00

2 1 1.35 2.640

3 1 1.54 2.6205

4 2 1.67 2.61215

5 2 1.76 2.612323

6 3 1.82 2.6123771

7 3 1.88 2.61237572

8 4 1.92 2.612375334

9 4 1.96 2.6123753458

10 5 1.99 2.61237534880

11 5 2.02 2.61237534872

12 6 2.04 2.61237534892

13 6 2.06 2.61237534870

14 7 2.08 2.6123753486848

2.640

2.6205

2.61217

2.612329

2.61237657

2.61237560

2.6123753431

2.61237534755

2.612375348716

2.612375348710

2.612375348717

2.612375348604

2.612375348613

2.61 2.6123753486854 2.612375348685

13･2The automaticgenerali21edp-algorithm

Thegeneralizedp-algorithmrequirestheknowledgeoftheexponentOin(13･1)･But,

asdescribedinSectionlO,Ocanbecomputeduslngthegeneralizedp-algorithmwith

parameter-2.

Fbragivensequence(sn)satisfying

5m～5…β(co+慧+芝+…),aSn→∞
(13･1)

WhereO<Oandco(≠0),Cl,…areunknownconstantsindependentofn.WedefineOn
by

β托=1+

Thesequence(On)hastheasymptoticexpansionoftheform

β托～β+和一2(fo+慧+嘉+…)っas7-→∞,
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whereio(≠0),il,･･･areunknownconstantsindependentofn･Thusbyapplyingthe

generalizedp-algorithmwithparameter-20n(On),WeCaneStimatetheexponentO･

Supposethatthefirstntermsofasequence(sn)satisfying(13･1)aregiven･Then

w｡PutS｡=Oanddefinep㌘)ask)1lows:

彊)=0,

p5"l)=βm,m≧1,

β㌘)=βた‡1)+

Next,Wedefineαn(n≧3)by

Å･+1

βた手1)-βた1'

･･=〈二二二三

た=1,2,‥‥

ifnisodd,

ifnis even.

Thenwecanapplythegeneralizedp-algorithmwithparameterαntO(sm)･

鵡)=5m,m=0,…,n

/一:∴)=
ーα陀

鵡+1し鵡)'

招=鵡霊+

m=0,1,.‥,和一1,

た-1-α陀

鵡誤-β乱17
た=2,…,†l;m=0,…,n-た.

(13･15)

(13･16a)

(13･16b)

(13･16c)

Thisschemeiscalledtheaulomaiicgeneralizedp-aわoriihm.Thedataflowofthisscheme

isasfo1lows(casen=4):

51

2

3

eU

eU

4α
ニ

)0(2
β

＼

｣

)

)

O

l

(l

(l

β一

P

｣＼

｣

)

)

1

2

(0

(0

β一

β

ニ

二

1

2

月U

dU

＼＼

｣＼

｣

)01

,

(4
β

ニ
l
eU

)02

,

(4
β.二

2
〔∂

)03

-

(4
P

二
3
eU

)0り
4
,

β
ニ

4
eU

｣＼

｣＼

｣＼

｣

)10

,

(4
β

)11

-

(4
β

)
l

)
1

2

!

3

!

(4

(4

β

β

＼

｣＼

｣＼

｣

91

0

,

l

,

(4

(4

β

β.

)2

)2

)22

,

(4
β

0

,

l

,

(4

(4

β一

β

＼

｣＼

｣

)3

)40

,

(4
β.

＼
｣

)3



FbraglVentOlerancee,thestopplngCriterionofthisschemeisas払1lows:

(i)nisevenandlp粧一蹴_2l<e,
(ii)nisoddand[p禁_1一蹴_1I<e･

Example13･2Weapplytheautomaticgeneralizedp-algorithmtothepartialsumsof

((1･5)･Wegivesn,αnin(13･15)and鵡詔)inTable13･2,Wherek=Ln/2｣･
Table13.2

Theautomaticgeneralizedp-algorithm

appliedto((1･5)

n 5m α乃

P㌘㌶た)
1 1.00

2 1.35

3 1.54
-0.544

4 1.67
-0.5071

5 1.76
-0.50015

6 1.82
-0.500014

7 1.88
-0.500000052

8 1.92
-0.499999980

9 1.96
-0.4999999946

10 1.99
-0.50000000023

11 2.02
-0.50000000011

12 2.04
-0.50000000029

13 2.06
-0.499999999976

14 2.08
-0.500000000093

2.55

2.604

2.61217

2.6123660

2.61237568

2.6123753453

2.61237534871

2.61237534871

2.61237534889

2.61237534882

2.61237534872

2.612375348649

∞ 2.61
-0.500000000000

2.612375348685

AFORTRANsubroutineoftheautomaticgeneralizedp-algorithmisglVeninApT

Pendix.
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14.Comparisonsofaccelerationmethods*

Inthis sectionwe compare accelerationmethods払r scalarsequencesuslng Wide

rangeofslowlyconvergentinfiniteseries･

14.1Sets ofsequences

Whetheranaccelerationmethodworkse鮎ctivelyonaglVenSequenCeOrnOtdepends

onthetypeoftheasymptoticexpansionofthesequence･Conversely,Whenweknowthe

typeofexpansionwecanchooseasuitablemethod･

ThesetsofsequencestylandLOGSFaredefinedby

琉=((5托)l5m～汗入相nβ∑c〆J,Co≠0,入≠0),(14･1)
J=0

βm+1-5 ,.
△5托+1

=1im三ニヱニ土=1), (14･2)し＼〉tり-m→∞
5乃-5 7蒜 △βm

ノノ ＼

respectively.Fbr(sn)∈｡汽,(sn)convergesifO<I入l<1,and(sn)divergesifl入I>1･
WeconsidersubsetsofL91andLOGSFasfbllows:

LOGSF=((sn)[1im

Alt=((β陀)ト乃～β+(-1)托㍑β∑cJn~J,Co≠0,β<0),
J=0

名=((5柁)l5m～‥㌦∑c〆j,Co≠0,-β∈N),
J=0

名=((5m)lβ陀～β…♂∑cJれ~J,Co≠0,β<0),
J=O

名=((5托)l5乃～β+∑㌦∑c壱Jn~J,0>β1>β2>…>βm),
た1 J=0

｢αJ+らJlogγ-

名=((5m)lβm～‥㌦∑
J=0

･7･?.J

名=((5乃)l5托～5+項logn)丁∑∑
J=0た0

,β<0),

CiJ

(logn)imJ'

(14･3)

(14･4)

(14･5)

(14･6)

(14･7)

β<00rβ=OandT<0).
(14･8)

*Thematerialinthissectionisanimprovementoftheauthor,sinformalpaper:N･Osada,Asymptotic

expansion and acceleration methodsfor certainlogarithmically convrgent sequences,RIMS Kokyuroku

676(1988),pP.195-207.
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Ⅵ屯remarkthatAlt=亡96Llandロ筑=L91.Wealsoremarkthat

名⊂名⊂名⊂LOGSF,名⊂名⊂LOGSF,口銭⊂名⊂LOGSF･ (14･9)

14.2Test series

Wetakeupinfiniteseries払reachset.TestseriesareshowninTable14.1.Someof

them,No･1,3,4,5,and8weretestedbySmithandFord[54].
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Table14.1

Test series

set No･Partialsumofseries
sum asymptoticexpanSion

β=-1,入=0.8

β=-1,入=4

γl

Alt3 ∑(-1)i~1‡ log2 0=-1Example3･1

壱=1

■n.

1

1

4

呂(,1)i.1云
0･6048986434216300=.0･5Example3･3

一丁

名 5 ∑
i=1
γ1

6 ∑
i=1

1

盲2

1

五3

7r2/6
0=-1Example3･4

1.202056903159594 0=-2 Example3.4

2.612375348685488 0=-0.5 Example3.4

1.713796735540301β=1-ヽ乃Example3.5

4.257309415533714 β1=-0.5,β2=-1

0.937548254315844 0=-1Example3.6

3.932239737431101 0=-0.5 Example3.6

2.109742801236892 0=-1Example3.7

14.3Numericalresults

Let(sn)convergetosordiverge丘･OmS･LetTbeasequencetransformation(tn)the

trans払rmedsequencebyT,Whereindependsonsl,...,Snbutdoesnotonsn+k,k>0･
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Themaximumslgnificantdigitsffommtermsisdefinedby

1豊-トloglOl壬和一り･
(14･10)

Accelerationmethodstakenupinthissectionareasfollows.Thee-algorithm,the

Levinu-,V-,andt-tranSforms,thed(2)-andd(3)-tranS払rms,theiteratedAitken62pro-

cess,theautomaticmodifiedAitken62formula,theWtrans払rm,thep-algorithm,and

theautomaticgeneralizedp-algorithm･AllmethodsrequlrenOknowledgeofasymptotic

expansionofobjectivesequence.Ⅵ屯comparewiththequantitieslistedinTable14.2.

Table14.2

Accelerationmethods

accelerationmethod definition quantity

∈-algorithm

Levin u-tranSform

Levin v-tranSform

Levin t-tranSfbrm

d(2)_tranSform

d(3)_tranSform

iteratedAitken62process

(8.10)
亡皇芸~2た),た=し(n-1)/2｣

§9.1 霊リ1
§9.1 霊リ2
§9.1 裏リ2

§9.3 月

§9.3 月

†
l
,
い

陀

m

(2

(3

~2吊),g=Ln/2｣2

陀~3m+3),m=L可3｣mt-3

(10.10) 盃托●2た),ん=L(和一1)/2｣
automaticmodifiedAitken62formula §10･3

s㌘｢l),l=Ln/2｣
iteratedLubkinWtraInS払rm (11･17) 璃n~3p),P=L(n-1)/3｣
P-algorithm (12.3) p

automaticgeneralizedp-algorithm §13.2 p

い
封
h
ふ

~2り,J=Ln/2｣

~2た),た=L(和一1)/2｣2た

Fbreachaccelerationmethodweshowthemaximumslgnificantdigitsfrom20terms

OfeachtestseriesinTable14･3･Intable14･3,the㍑numberoftermsMisabbreviatedto

"NT",andthe"numberofsignificant digits"isabbreviatedto"SD".Numericalcom-

PutationsreportedinthissectionwerecarriedoutontheNECACOS-610computerin

doubleprecisionwithapproximately16digits.
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Table14.3

Themaximumslgnificantdigits

Partialsum E-algorithm Levin u Levin v

NT SD NT SD NT SD NT SD

名

名

名名

名

1

2

3

4

5

6

7

8

9

0

1

2

1

1

1

20 2.72

diverge

20 1.61

20 0.96

20 1.31

20 2.92

20 0.35

20 0.17

20 0.31

20 0.71

20
-0.35

20 0.49

0

0

0

0

0

0

0

0

0

0

0

0

2

2

2

2

2

2

2

2

2

2

2

2

l

l

l

l

1

4

6

7

8

3

5

2

1

9

0

8

1

7

0

1

7

5

7

6

0

6

8

7

5

5

2

4

0

0

0

1

0

0

9

6

5

4

4

2

0

3

0

0

0

0

1

1

1

1

1

1

1

1

2

2

2

2

10.78 20 10.40

10.78 16 11.58

15.90 15 15.86

15.56 14 15.56

11.46 12 9.64

11.49 12 11.01

9.01 12 8.55

8.44 13 7.58

2.58 19 2.96

3.11 20 3.47

0.98 20 1.24

1.07 20 1.13

Table14･3(Continued)

ま

DS

n

●

lVeL

TN

d(2)_tranS d(3)_tranS

NT SD NT SD

が
S
D

nek㌧ltA

TN

名

名

名名

名

1

2

3

4

5

6

7

8

9

0

1

2

1

1

1

9

4

5

4

8

0

9

6

7

2

3

4

4

5

9

5

2

6

8

1

(X)

5

0

7

0

0

5

5

2

4

0

0

0

1

0

0

1

1

1

1

0

6

4

5

0

0

0

0

0

0

0

0

2

1

1

1

2

2

2

2

2

2

2

2

0

9

0

0

8

6

4

5

2

3

3

9

2

1

2

2

1

1

1

1

1

1

1

1

7.16 20 6.45

8.36 19 6.18

13.85 20 12.84

15.90 19 15.31

11.29 20 10.69

12.44 16 12.20

9.82 19 10.20

10.76 18 9.63

5.54 15 8.54

7.07 20 6.99

4.98 17 4.80

1.29 20 1.59

7

7

9

6

0

9

9

7

9

5

0

0

1

1

1

1

2

1

1

1

1

2

2

2

7

8

8

8

2

2

5

5

3

8

1

6

7

0

0

1

7

4

0

3

3

1

8

9

1

6

6

3

5

1

1

1

1

0

0

1

1

1

一
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Table14.3(Continued)

aut mod62
Lubkin W p-algorithm aut gen p

NT SD NT SD NT SD NT SD

名

名

名名

名

1

2

3

4

5

ハ0

7

8

9

0

1

2

1

1

1

13 6.76

18 10.52

19 16.01

19 15.50

12 11.02

19 12.53

11 9.79

19 9.70

19 3.04

16 3.03

14 0.75

20 1.13

20 10.69 decelerate

19 11.13 decelerate

19 16.26 decelerate

17 15.54 decelerate

15 9.66 18 11.66

18 10.92 20 12.81

15 8.34 18 1.52

13 8.38 20 1.03

20 4.43 17 1.54

12 2.25 20 3.03

20 0.46 18 0.44

20 1.31 20 0.89

20 8.06

20 7.99

19 14.51

19 14.59

20 12.18

14 13.05

9 10.51

17 11.29

18 3.08

19 3.58

17 1.27

20 1.15

14.4Extraction

AsDelahaheandGermain-Bonne[14]proved,thereisnoaccelerationmethodthat

Can aCCelerate allsequences belonglng tO LOGSF.However,ifalogarithmic sequence

(sn)satisfiestheasymptoticform

5氾=5+0(nβ),

5m=5+0(nβ(logn)T),

(14･11)

(14･12)

Or

WhereO<0,thenthesubsequence(s2n)of(sn)satisfies

β2m=5+0((2β)和),

52m=5+0((2β)れ′nT)7
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respectively.Both(14･13)and(14･14)convergeslinearlyto3Withcontractionratio20･

Inparticular,ifasequence(sn)belongsto名,thesubsequence(s2n)of(sn)satisfies

theasymptoticexpansionoftheform

β2れ～5+∑cパ,
J=1

(14･15)

wherecjandl>入1>入2>‥･>Oareconstants･ByTheorem8･4,thee-algorithmand

theiteratedAitken62processcanacceleratethesubsequenceefBciently･

If(sn)satisfies

β托=5+0((logγ-)丁),

52m=5+0(nT),

whereT<0,then

(14･16)

(14･17)

thatis,(s2n)convergeslogarithmically･Thereforethed-tranSformortheautomatic

generalizedp-algorithmareexpectedtoacceleratetheconvergenceof(s2n)･
InTable14･4,WetakeuptheLevint-tranSform,thee-algorithm?theiteratedAitken

62process,andthed(2)-tranS払rmasaccelerationmethods,andweapplytothelast6

seriesinTable14.1.ThoughwedonotlistinTable14･4,theLevint-tranSformisslightly

b｡tt｡rthantheLevinu-,V-tranS払rms.Thed(2)-tranSformisslightlybetterthanthe

d(3)_tranSform.

Table14.4

Themaximumslgnificantdigits

eS

O

.n

N

eS partialsum Levin t
e-algorithm

Aitken62 d(2)

NT SD NT SD NT SD NT SD NT SD

7 16384 1.81

8 16384 1.36

9 16384 1.80

10 16384 3.18

1116384 0.74

12 16384 0.99

16384 6.491638412.02 409611.45

16384 5.281638410.92 819210.77

16384 5.8116384 9.5616384 8.09

16384 8.52 4096 9.86 8192 7.41

16384 5.14 8192 6.69 2048 5.97

163841.67 8192 1.49 512 1.45

16384 6.96

8192 4.31

16384 6.32

16384 8.91

8192 4.14

16384 4.63
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Table14.5

Themaximumsignificantdigitsfor∑
五=2
宣(log五)2●

SerleS Levin u LubkinW
aut･gen･P aut･mOd･62 d(3)

No. NT SD NT SD NT SD NT SD NT SD

1216384 2.60 4096 3.48 8192 3.912048 3.118192 4.04

14.5Conclusions

Table14.3showthat thebest availablemethodsarethed(2)-andd(3)_tranS払rms.

FbrL汽,al1testedmethodsexcept thep-algorithmworkwell.Foro玖and名,the

automaticgeneralizedp-algorithmisthebest.

TheLevinu-,V-tranS払rms?theautomaticgeneralizedp.algorithm,andtheauto-

maticmodifiedAitken62払rmula?andLubkin,sWtrans払rmsaregoodmethods.The

automatic generalized p-algorithm andthe automaticmodified Aitken62formula are

generalizationsofthesequencetransformation

β-1△5陀△5m_1

t与㍑ト⇒･雪花-
β △25m_17 (14･18)

thereforetheyperformsimilarly･

Thee-algorithm,theLevint-tranSform,andtheiteratedAitken62processperform

Similarly･BecausethesethreemethodsareextensionsoftheAitken62DrOCeSS.

Fbrasequence(sn)belongingtoo範or名,anyaCCelerationmethodlistedinTable

14･2cannotgivehighaccurateresult･However,Whenweapplythee-algorithmorthe

iteratedAitken62processtothesubsequence(s2n),WeCanObtaingoodresult.

Fbrthelastseries,thed(2)-っd(3)-tranSforms,theautomaticgeneralizedp-algorithm,

Lubkin,s W transform,and the automaticmodified Aitken62formulaaccelerate the

COnVergenCeOf(s2n).
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15･Applicationtonumericalintegration

Infiniteintegralsandimproperintegralsusuallyconvergeslowly･Suchanintegral

yieldsaslowlyconvergentsequenceoraninfiniteseries･Variousaccelerationmethods

havebeenappliedtosuchslowlyconvergentintegrals･Inthissectionwedealwiththe

applicationofaccelerationmethodstonumericalintegration･

15.1Introduction

Accelerationmethodsareappliedtonumericalintegrationinthefo1lowlngWayS･

Ⅰ.Thesemi-infiniteintegralI=J㌘f(x)dx･
Leta=Xo<xl<x2<…beanincreaslngSequenCediverglngtO∞･ThenZ

becomes to aninfinite series

た差仁拒)ゐ=姜ち･
(15･1)

LetSnbethenthpartialsumof(15･1)･

Ⅰ-1.Supposethatf(x)convergesmonotonicallytozeroasx→∞･Leta=Xo<

xl<x2<…beequidistantpoints･ThenSnsometimeseitherconvergeslinearlyor

satisfies

･S‖～J+‖〃∑リ～●ノブ=1

(15･2)

Aswedescribedintheprecedingsection,WeCanaCCelerate(Sn)or(S2n)･

Ⅰ一2.Supposethatf(x)isaproductofanoscillatingfunctionandapositivedecreas-

ingfunction.Letxl<x2<...bezerosoff(x)･Thentheinfiniteseries(15･1)becomes

toalternatingseries.Thusitiseasytoaccelerate(Sn)･

ThefirstproposerofthismethodwasI･M･Longman[28]･In1956,heappliedthe

Eulertrans払rmationtosemi,infiniteintegralsinvolvingBesselfunctions･

Inthispaperweconsiderf(x)=g(x)sinLJXOrf(x)=g(x)cosLJX,Whereg(x)

convergesmonotonicallytozeroasx→∞andLJ>Oisaknownconstant･

ⅠⅠ.ThefiniteintegralI=j3f(x)dx･
LetSnbeanapproximationofIbyapplyingnpanelscompoundintegralformula

suchasnpanelsmidpointrule･AswedescribedinSection4,Snhasoftentheasymptotic

expansionofthe払rm

ぶm～J+∑cJnβj,
j=0
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Or

∫乃～∫…β∑
αJ+みJlogn

nJ …T皇J=O J=0

CJ+dJlogγ-

･Jト7
(15･4)

Iff(x)isofclassC∞in[a,b]andifthequadrature払rmulaiseitherthetrapezoidalrule

Orthemidpointrule,thenOj=-2j-2in(15.3).

ⅠⅠ-1･WhenOj'sin(15･3),OrOandTin(15.4)areknown,byapplyingtheRichardson

extrapolationortheE-algorithmto(Sn)or(S2n),theconvergenceof(Sn)isaccelerated.

In1955,W･Romberg[45]appliedtheRichardsonextrapolationto(S2n)whenOj=

-2j-2in(15･3)･Since1961,manyauthorssuchasI･Navot[33]andH.Rutishauser[46]

appliedittoimproperintegrals,SeeJoyce'ssurveypaper[22].
ⅠⅠ-2･Whentheasymptoticscaleintheasymptoticexpansionisunknown,aCCelera-

tionmethodstakenupintheprevioussectionareappliedto(Sn)or(S2n).Aswesawin

theprevioussection,WhenthereareintegersiandjsuchthatOi-Ojisnotinteger,We

CannOtObtainahighaccurateresultbyapplyinganaccelerationmethodto(Sn)itself.

However,払r(15･3)and(15･4)itisexpectedtoobtainagoodresultbyapplyingthe

e-algorithmortheiteratedAitken62processto(S2n).Thefirstproposerofthismethod

WaSC･Brezinski[6,7]･In1970and1971,heappliedthep-algorithmwithparameterto

(S2n)andthee-algorithmwhenOj=-2jT2in(15.3).Subsequentlymanyauthorssuch

asD･K･Kahaner[23]appliedaccelerationmethodstofiniteintegrals.
ⅠⅠⅠ･Fbranotherwayofapplyingextrapolationmethodstonumericalintegration,

SeeBrezinskiandRedivoZaglia[11,P･366T386]andRabinowitz[43].

15･2Applicationtosemi-infiniteintegrals

W占applytheabovemethodI-1tointegralslistedinTable15.1.
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Table15.1

Semi-infiniteintegrals

withamonotonicallydecreaslngintegrand

integral exact Sn=J?nf(x)dx

1

2

3

′
ム
岬
･
/
隼
-
ム

e~㌔k l

ご2e~㌔k 2

geometricseries

linearlyconvergentsequence

タ乃～芸+∑芸1n2ノー1
2J

j-2
Wetakexj=2jandcompute

.(
f(x)dxbytheRombergmethod･Acceleration

methodsthatweapplyaretheLevin~u-tranSform?thee-algorithm?Lubkin?sWtrans-

払rm,theiteratedAitken62-PrOCeSS?thed(2)-tranSformandtheautomaticgeneralized

p-algorithm.Thetolerancesaree=10-6andlO-12･FbrJ㌃dx/(1+x2),Wetake
e=10-9insteadoflO-12.ThestoppingcriterionisITt-Tt-1l<e,Where(Tt)is

theacceleratedsequence.TheresultsareshowninTable15･2･Throughoutthissection,

thenumberoftermsisabbreviatedto㍑TH,andthenumberoffunctionalevaluationsis

abbreviated to㍑FE刀.

Table15.2

Numberofterms,functionalevaluations?anderrors

∈=10~6

.m

E

V

F

e
T山

TON

u-tranSform e-algorithm
Lubkin?s W transform

error T FE error T FE error

3

6

2

4

9

01

5

8

01

1

2

3

6.16×10-9 4 36 6.19×10~9

_1.24×10-9
8 96

-6.60×10~10

6.46×10●9 failure

3

6

5

4

9

9

5

8

9

6.19×10~9

5.05×10~8

9.63×10~7

tkenFE●lA

TON

62 process d(2)-tranSform automaticgeneralizedp

error T FE error T FE error

9

6

2

9

3

8

1

2

3

6.16×10-9 7 57 6.16×10-9 5 43 6･16×10-9

1.91×10-9 8 96
-6.58×10-10

8 96 7.75×10-10

failure lOlO2
-3.24×10-8

9 95
-4.17×10-8
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∈=10~12

Levin u-tranSform e-algorithm Lubkin?s W transform

No.T FE error T FE error T FE err｡r

1 5187
-2.78×10~16

4156
-8.33×10-17

5187
-8.33×10-17

211325 1.29×10~14 8 280 1.40×10-1412 340 8.88×10-16

Aitken 62 process d(2)-trarlS払rm automaticgeneralizedp

No.T FE error T FE error T FE err｡r

1 3125
-8･33×10-17

7 233
-9.71×10-17

5187
-8.33×10-17

211325 4･93×10-14 9 295 1.20×10-1410 310 1.38×10-14

∈=10~9

Levin
u-tranSform d(2)-tranSform

automaticgeneralizedp

No･T FE error T FE error T FE error

314 226 6･20×10-1114 226
-1.29×10-1114

226
-1.21×10-10

Whene=10-12,allmethodsexcepttheautomaticgeneralizedp-algorithm(T=27,

FE=557,errOr=3･08×10-13),failureonJ㌃dx/(1+x2).
NextweapplytheabovemethodI-2tointegralslistedinTable15･3･Allintegrals

WereteStedbyHasegawaandTbrii[19].

Table15.3

Semi-infiniteintegralswithanoscillatoryintegrand

integral exact

1

2

3

4

∞

∞

e~エcosごゐ 0.5

ユ:Slnよ:

､†･2+1
COSこご

.J･2十1

COSユ:

d∬
打/(2e)

ゐ
打/(2e)

ゐ 0.421024438240708

0.504067061906919
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Ⅵ屯computeintegralsbetweentwoconsecutivezerosbytheRombergmethod･Ac-

celerationmethodsconsideredherearetheLevinu-tranSform,thee-algorithm?andthe

d(2)-tranS払rm.ThesemethodsrequlrenOknowledgeofasymptoticexpansionofthein-

tegrandortheintegral･Thetolerancesare∈=10-6andlO-12･Theresultsareshown

in Table15.4.

Table15.4

Numberofterms,functionalevaluations,anderrors

∈=10-6

.皿

E

V

F

e
T山

TON

u-tranSform e-algorithm d(2)-tranSform

error T FE error T FE error

1

9

9

5

9

8

2

8

4

8

1

1

5

8

7

8

7

1

2

3

4

5

-7.38×10~9

1.54×10~7

1.62×10~7

-3.01×10~8

-5.01×10~8

4 73
-7.38×10~9

10145 1.13×10~7

9105 7.37×10~9

10177
-9.09×10~8

9105 4.77×10~8

5 81-7.44×10~9

9137 1.46×10~7

8 97
-7.75×10~8

9161-1.21×10~7

8 97
-1.05×10~8

∈=10~12

Levin u transform e-algorithm d(2)-tranSform

N｡.T FE error T FE error T FE error

3

1

7

7

5

5

4

9

9

2

3

6

8

8

01

5

2

2

2

2

1

1

1

1

1

2

3

4

5

-2.50×10~16

-4.53×10~14

1.82×10~14

-2.01×10~13

-9.01×10~15

4 321 4.16×10~17

18 833
-9.40×10~15

171217 8.10×10~14

181281-6.90×10~14

171345 3.68×10~14

6 358
-2.78×10~16

14 705 2.16×10~14

13 961 1.56×10~13

141025 4.33×10~15

121025
-1.71×10~13

TheLevinv-andt-tranS払rmsperformsimilartotheLevinu-tranSform･Theit-

erated Aitken62process andLubkin,s Wtrasnsformare slightly
betterthanthe e-

algorithm･Thed(2)-tranSformisbetterthatthed(3)-tranSform･Thebestacceleration

methodswetestedforsemi-infiniteoscillatingintegralsaretheLevintransforms･

TheseresultsarelessthanHasegawaandTorii,sresults[19],buttheyareavailable

inpracticebecausetheyrequlrenOknowledgeoftheintegrand･
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15･3Applicationtoimproperintegrals

W占applytheabovemethodII-2tointegralslistedinTable15･5･

Table15.5

Improperintegrals

No･ integral exact Sn=h∑≡1f(a+(2i-1)h),h=(b-a)/n

1J)㍉ゐ 2/3

Wbuse the midpoint rule as the quadrature払rmula.Acceleration methods are

theLevinu-tranS払rm,theE-algorithm7Lubkin,sWtransform,theiteratedAitken62-

PrOCeSS,thed(2)-tranS払rmandtheautomaticgeneralizedp-algorithm･Thetoleranceis

C=10-6andthema=imumnumberoftcrlllbis15.TilereSultsareshowninTable15.6.
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Table15.6

Numberofterms,functionalevaluations)anderrors

∈=10~6

=
脚
闇

VeT山

TON

u-tranS丘)rm e-algorithm
Lubkin?s W transform

err｡r T FE error T FE error

5

1

7

3

5

9

6

8

2

1

7

3

8

2

6

3

1

8

3

5

4

1

1

1

1

2

3

4

3.70×10~9

-2.09×10~7

7.21×10~6

-4.90×10~7

7 127
-4.86×10-9

8 255 3･30×10-9

8 255 1.78×10-811 2047
-2.46×10-10

13 8191 1.13×10.7 failure

l1 2047 3.91×10-915 32767 2.04×10-6

en

FE

k江川A

TON

62 process d(2)-tranSform automatic generalized p

error T FE error T FE error

3

1

7

7

6

1

6

6

5

7

7

2

2

3

3

6

9

5

5

1

1

1

2

3

4

-4.22×10~7

9.10×10~10

-6.56×10~6

-2.01×10~6

8 255
-1.20×10~7

1416383
-3.36×10~8

15 32767 1.64×10~5

15 32767
-1.06×10~7

8 255 2.24×10~11

15 32767
-8.26×10~9

15 32767
-9.97×10~6

1416383 3.20×10~7

Thee-algorithmisthebest･Forthetolerancee=10-9,Onlythee-algorithm

succeedsonallintegralslistedinTable15･5,PrOVidedthatthenumberoftermsisless

thanorequalsto15･
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CONCLUSIONS

Inthispaperwestudiedaccelerationmethodsfbrslowlyconvergentscalarsequences

丘omasymptoticviewpoint,andappliedthesemethodstonumericalintegration･

Inconclusion,OurOPlnionisas払1lows.

1･Supposethatasequnce(sn)hasanasymptoticexpansionoftheform

5陀～5+∑Ⅷ(m)･
.ナ=1

(1)

LetTbeasequencetransformationand(tn)=T(sn).Ifweknowanasymptoticscale

(gj(n)),thenwecanoftenobtainanasymptoticformula

fm=5+0(タ(n)). (2)

2･Bytheabovel,ifweknow(gj(n)),WeCanChooseasuitableaccelerationmethod

払r(5托).

3･WeshowthemostsuitablemethodsinthefbllowlngTablel･Weappendthe

numberoftheoremglVlngtheasymptotic丘)rmula.

4･Fbralogarithmicallyconvergentsequence(sn),WeCanuSuallyobtainhigher

accuracywhenweapplyto(52n).
5･Thereisnoall-PurPOSeaCCelerationmethod.Thebestmethodofallwetreated

isthed-tranSform,andthesecondbestmethodistheautomaticgeneralizedp-algorithm･

InappllCation,WeCanuSuallydetermineatypeofanaymptoticexpansionofanobjective

SequenCe･Forexample,Whenweapplythemidpointruletoanimproperintegralwith

endpointsingularity,theobjectivesequencehastheasymptoticexpansionofthe払rm

3m～5…β∑cJn~J…丁∑d〃~ノ
ブ=O J=0

(3)

Insuchacase,WereCOmmendthemethodslistedinlもblel.

6･If(sn)satisfies(3)andtheE-algorithmisappliedto(s2n),(震~2k))giveshigh
accurateresult･Inparticular,itisagoodmethodthatthee-algorithmisappliedto爪先陀,

WhereA4bnisthe2npanelsmidpointrule.
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Tablel

Suitableaccelerationmethods

asymptoticexpansion asymptoticscale asymptoticscale

sn-S known unknown

∑芸1Cj^? (sn)Richardsonextrapolationl)

lnnO∑芸｡Cjn~j (sn)E-algorithm3)

㌦∑芸oc〆 (5乃)慧慧雲i慧票霊1a6,
(s2n)Richardsonextrapolationl)

∑-･り‖〃-~ノ (sn)E-algorithm3)

(s2n)Richardsonextrapolationl)

nO∑芸｡(aj+bjlogn)n.j(3n)E-algorithm3)
(s2n)E-algorithm3)

∑i,JC糎)丁~仰

…;;～)諾慧

e-algorithm2)

Levintransforms4)

automaticgeneralized

P-algorithm

e-algorithm2)

d,tranSform

e-algorithm2)

d-tranSfbrm

e-algorithm2)

d-tranSform

1)Formula(7.37),2)Theorem8･4,3)Theorem6･2,4)Theorem9･1,5)Theorem13･2,6)TheoremlO･5･

W占raisethefo1lowlngqueStions･

1.Findane伍cientalgorithm払rtheautomaticgeneralizedp-algorithm･

2.Findanaccelerationmethodthatworkswellonasequence(sn)satisfying

｢㌧_飢て｢αiJ+毎logn′
5柁～5+∑㌦∑壷=1 J=0

5柁～5=β∑∑
J=0た0

mJ

Suchsequencesoccurinnumericalintegration･

3.Findanaccelerationmethodthatworkswellonasequence(sn)satisfying

仁_∂て｢てrCi,J(logn)五
mJ

(4)

(5)

SuchsequencesoccurinslngularfiⅩedpointproblems･

4.Extendresultsforscalarsequencestovectorsequences･Inparticular?Study

accelerationmethods払rlogarithmicallyconvergentvectorsequences･
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AppendixA･AsymptoticformulaeoftheAitken62process

LemmalO･3Supposelhaiasequence(sn)3alisjies

5陀=5+con∂+cl㌦｣+c2nβ~2+0(nβ~3), (A.1)

′∽んeγeβ<0α几dco(≠0),Cl,C2αγeCO几β励まβ･rんe几兢eルggoⅧま花タαβympわま五cかm祝gα
んogd.

(1)5m-

(2)βm-

(3)β和一

(△5乃)2
△25柁 =‥だ㌦+0(nβ~1)･
β-1(△β㍑)2
∂ △25㍑ =5+0(れル1).
β-1△β㍑∇5m

β △βm-∇5柁 =5+0(れ∂~2).

ProoL(1)Using(A･1)andthebinomialexpansion,Wehave

△5m=Co雄+三)∂→ト1nβ-1[(1+三)β~1-1]
+匂㌦-2[(1+三)β~2-1]+0(柁β-4)

=Co鋸∂-1+(芸coβ+cl)(β-1)nβ-2
吉coβ(β-1)+云

1

+l三coβ(β-1)+三cl(β-1)+c2

△25柁=Coβmれ1 [(1+三)…-1]

and

(β-2)nβ~3+0(nβ~4) (A.2)

+(去coβ+cl)(β-1)㍑β-2[(1･…)β~2-1]+0(n∂-4)
=Coβ(β-1)〝卜+(1+討(β-2)三+0(嘉)]･

(△5m)2=C岩β2n2β-2[1+(1+慧)(β-1)…+0(甘
then we have
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β-1 叶+(1+討(β-2)三+0(嘉)]

×[1-(1+慧)(…)三+0(嘉)]
詫叶+(1+≡)三+0(嘉)]･

tS･托~

5m~

Thus we obtain

(2)By(A･3),Wehave

(△5陀)2
△25れ, =5+i-『㍑♂+0(n∂~1)･

β-1(△5m)2
β △25柁 =5-C｡n∂~1+0(nβ~2).

∇5m=Coβnβ-1+(一芸coβ+cl)(β-1)㍑β-2
+[吉coβ(β-1)一芸cl(…)+c2ト2)㍑∂~3+畔4)･

By(A･2)and(A･4)wehave

△5柁∇5m=C岩β2れ2♂~21+慧(β-1)ユn

△5和一∇5m=C｡β(β-1)nβ~2

△5陀∇β㍑

△5和一∇乃

5乃~

coβ

+0(京町

吉+0(去)]
2)1

and

Thus

Therefore we obtain

as desired. □

浩叶+≡三+0(誹
β-1△5托∇5m

β △β陀-∇托
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AppendixB･AnasymptoticformulaofLubkin,sⅥ′transformation

Fbrasequence(3n),the6｡tranSformisdefinedby

∂α(5柁)=5叶1
α+1△5陀△5m+1

α △2瑞.7

Whereαisapositiveparameter.

Theoremll･6(Sablonni占re)Suppo3eihaiasequence(sn)saii頭es

5托～5+nβ

〝Ⅳ托,た去βγepreβe花まedαβ

町帰一β=nβ-2セ+誓+誓+0(去)いた)≠0,

Ⅳ再車-㌢=㌦-2た-2[c£咄+0(汁
ぴんeγe

c£叫)-
c£た)(1+β-2た)2(cとた)た(β-2たトc皇た))2
6(β-2た)

c5た)た2(β-2た)(β-2た

c£た)(β-2た)3

-1ト4ciた)た(β-2た-1)+4｡皇た)
(β-2ゐ)2(β-2た-1)

ProoLLetE5k),Eik)andE皇k)b｡d｡fin｡dby

町…-5=(n+た)β~2た

Then

∂皇た).∂皇た)
n+た一(n+た)2■〉＼(n+た)3

吼,た-β=∂£た)nβ~2た+(離(β-2た)+∂皇た))n♂-2た-1

+(芸錮-2た)(β-2叫+獅-2た刊+叶汁2
+0(nβ~2た~3)
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By(B.2)and(B･4),Wehave

∂Sた)=C5た),

∂皇た)=-CSた)た(β-2た)+c∈た),

∂皇た)=去cs憮(β-2た)(β-2ん-1卜ciた)た(β-2た-1)+c皇た)･
ByTheoremlO･4,

∂2た_β(W再)-5=dと叫)(n+た+1)β~2た~2+0((n+た+1)β~2た~3)･

where

dと仙)-
∂Sた)(1+β-2た)

cSた)(1+β-2た)
12

(∂iた))2 2∂皇た)

∂Sた)(β-2た)2■(β-2た)(β-2た-1)7

(cミた)-CSた)た(β-2た))2

cSた)(β-2た)2

｡とた)た2(β-2た)(β-2た-1卜2c…た)た(β-2た1)+2c皇た)
(β-2た)(β-2た-1)

=:㌫こ?畔2十(畔+/7/ハ

八丁.､.3ciり(β-2た-1)+し去(β-2た-1)+

+0(嘉)ト

2cとた)(β-2た)

l仇+り-∂2た-β(W再)

=CSた)㍑β-2た1+(
β-2た+

(l
ハし

/
1
ヽ

‖U
ハし

+(喜(β-2た)(…叫+
+0(嘉)]･

)

い
一
い

l

n

ciた)(β-2た-1)
cSた)(β-2た)

/1 i■ヽ丁 (■ヽ

ロ ー ∠ん - ∠

n2

(B･5)

(B･6)

(B･7)

ciた)(β-2た-1)
c5た)
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Ⅵ毎put

Tll(､11

Ⅳ柁,叶1-5=l昭一+1,た-Ⅳ/β･

Ⅳ=△Ⅳ叶1,た(吼+1,た-∂2た-β(W再))

=(cSた))2(β-2た)7-2岨[1+(誓-5た-…+
+((β-2叫(憲一憲一言)+
2c皇た)(β-2た-1)

cSた)(β-2た)

c≦た)(2β-4た-1)
c£た)(β-2た)

c皇た)(β-2ぁー1)(5β-10た-3)

(ciた))2(β-2た-1)
(c£た))2(β-2た)

Similarly,Wehave

β=△Ⅳ叫1,た-△∂2た-β(11㌔,た)

=CSた)(∂一軒2斗+(言(β-2か-り+
+(言(β-2た-1)+
+0(嘉)]･

By(B･8)and(B.9),

,お2β
㍑
)▼付(0

慧ニ

Ⅳ万

3c≡た)(β-2た-1)

2cとた)(β-2た)

[1+(β-2た瑠)三

+(芸(β-2た)(β-2叫･
+0(去)]･

c£た)(β-2た)

一箪)嘉+0(嘉)

cミた)(β-2た-1)

c£た)(β-2た)

c皇た) d£抽)

cムた)(β-2た)cSた)(β

c皇た)(β-2た-1)
c£た)

SinceW再+1-S=Ⅳ定+1,k-N/D,WeObtain

町再+1-β=

Thiscompletestheproof. □

2d£仙)
β-2た

(B･8)

β-2た-2

㍑2

(B･9)

(B･10)

nβ~2た-2+0(nβ~2た~3).
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FORTRAN PROGRAM

HereweglVeaFORTRANprogramthatincludesthesubroutines GENRHO,the

generalizedp-algorithm,andMODAIT,themodifiedAitken62formula.Themainrou-

tineglVenbelowisanexampleofapplicationsofthesubroutinestotheseries

βm=妄志･
TheparametersⅣMAX,EPSTOR,DMIⅣTOR,ⅩTVinthemainprogramINFSERare

as払1lows:

ⅣMAX

EPSTOR

DHIⅣTOR

XTV

ⅩⅩ

RHO

KOPT

ⅩⅩ

Themaximumnumberofiterations.

Theabsolute errortolerance.

Fbravariablex,iflxl<DMIⅣTORthentheprogramStOPS.

Thetruevalue,i･e･thelimitofthesequence.

ThevariablesⅣ,ILL,THinGENRHOandMODAITareasfo1lows:

Apositiveintegernsuchthatsnisthen-thterm.

Anon-negativeinteger･IfILL>0,thentheprogramstops･

Arealnumber･TheexponentOintheasymptoticexpansion･

Thevariablesxx,RHO,KOPTinGENRHOareas払1lows:

Then-thtermsn･(input)

競~2k),Wherek=Ln/2｣.(output)
Anarrayofdimension(0:1,0‥ⅣMAX)

RHO(1,k)‥P乞托~1●k)(input)
RHO(1,k)‥P乞和一k)(output)
Anon-negativeintegersuchthat競,2k)is
the acceleratedvaluewhere k=KOPT.

Thevariablesxx,S,KOPT,DSinMODAITareasfo1lows:

Then-thtermsn･(input)

辟~k),Wherek=Ln/2｣.(output)
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S

KOPT

DS

102

103

109

Anarrayofdimension(0:1,0:ⅣMAX)

S(1,k)‥辟~1-k)(input)
S(1,k):SYl~k)(output)
Anon-negativeintegersuchthat轟-k)is
the acceleratedvalue where k=KOPT.

Anarrayofdimension(0:1,0:ⅣMAX)

DS(1,k)‥轟~k-1)一辟~k-2)(input)
DS(1,k):S{k)-SYL-k-1)(output)

ThefunctionTERM(N)returnsthen-thtermofinfiniteseries.

ACCELERATIOⅣ METHODS FORIⅣFIⅣITE SERIES

PROGRAMINFSER

IMPLICIT REAL*8(A-H,0-Z)
IMPLICITINTEGER*4(I-N)
CHARACTER CEQ*60,CACCL*60

PARAMETER(ⅣMAX=20,EPSTOR=1.OD-12,DMINTOR=1.OD-30)
EXTERⅣAL TERM

REAL*8Ⅹ(1:ⅣHAX)
REAL*8RHO(0:1,0:NMAX)
REAL*8TRHO(0:1,0:ⅣMAX)
REAL*8S(0:1,0:ⅣMAX),DS(0:1,0:ⅣMAX)

REAL*8TS(0:1,0:ⅣMAX),DTS(0:1,0:ⅣMAX)

CEq=,A_Ⅰ=1/SQRT(I)/I,
ⅩTV=2.61237534868549DO

DOlOIIACCL=1,2

GO TO(102,103),IACCL
CACCL=)AUTOMATIC GEⅣERALIZED RHO ALGORITHM )

GO TO lO9

CACCL=,AUTOMATIC M□DIFIED AITKEⅣDELTA SqUARE,
GO TO lO9

COⅣTIⅣロE

WRITE(*,3000)
WRITE(*,*)cEq
WRITE(*,*)cACCL
WRITE(*,3100)
ILL=0

ⅩⅩ=0.ODO

DO 201Ⅳ=1川削AX
XO=ⅩⅩ

ⅩⅩ=ⅩⅩ+TERH(Ⅳ)
Ⅹ(Ⅳ)=ⅩⅩ
IF(Ⅳ.Eq.1)THEⅣ
DX=ⅩⅩ

GO TO 209

EⅣDIF

IF(Ⅳ.Eq.2)THEⅣ
DXO=DX

DX=ⅩⅩ-Ⅹ0
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210

D2Ⅹ=DX-DXO

DD=DX/D2Ⅹ
GO TO 209

EⅣDIF

DXO=DX

DX=ⅩⅩ-ⅩO

D2Ⅹ=DX-DXO

DDO=DD

DD=DX/D2Ⅹ
ALPHA=1.ODO/(DD-DDO)+1.ODO
TH=-2.ODO

ⅣⅣ=Ⅳ-2

GO TO(202,203),IACCL
CALL GEⅣRHO(ALPHA,TRHO,ⅣⅣ,DMIⅣTOR,KOPT,ⅣMAX,ILL,TH)
GO TO 209

CALL MODAIT(ALPHA,TS,DTS,ⅣⅣ,DMIⅣTOR,KOPT,ⅣMAX,ILL,TH)
GO TO 209

COⅣTIⅣロE

ERX=ABS(ⅩⅩ-ⅩTV)
SDXER=-LOGlO(ERX)
ⅩP=ⅩⅩ

IF(Ⅳ.LE.2)GロTO 229

GO TO(210,220),IACCL
COⅣTIⅣロE

DO 211ⅣⅣ=1,Ⅳ

ⅩP=Ⅹ(ⅣⅣ)
TH=ALPHA

CALL GEⅣRHO(ⅩP,RHO,ⅣⅣ,DMIⅣTOR,KOPT,ⅣMAX,ILL,TH)
COⅣTIⅣロE

GO TO 229

COⅣTIⅣUE

DO 221ⅣⅣ=1,Ⅳ

ⅩP=Ⅹ(ⅣⅣ)
TH=ALPHA

CALL MODAIT(ⅩP,S,DS,ⅣN,DMINTロR,KロPT,NMAX,ILL,TH)
COⅣTIⅣUE

GO TO 229

COⅣTIⅣロE

ER=ABS(ⅩP-XTV)
SDER=-LOGlO(ER)
IF(N.LE.2)GO TO 232

WRITE(*,2000)Ⅳ,ⅩⅩ,ALPHA,ⅩP,SDXER,SDER,KOPT
GO TO 239

WRITE(*,2010)Ⅳ,ⅩⅩ
GO TO 239

COⅣTIⅣUE

DXP=ABS(ⅩP-ⅩPO)
ⅩPO=ⅩP

IF(DXP.LT.EPSTOR)GO TO 300

IF(ILL.GE.1)GO TO 300

IF(Ⅳ.LE.2)GO TO 201

COⅣTIⅣUE

COⅣTIⅣUE
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WRITE(*,3100)
IF(ILL.GE.1)THEN
WRITE(*,*),ABⅣORMALLY EⅣDED,

EⅣDIF

WRITE(*,3100)
101 COⅣTIⅣロE

2000FORMAT(I4,3D25.15,2F7.2,Ⅰ5)
2010FORMAT(I4,1D25.15)
3000 FORMAT(1Hl)
3100 FORHAT(/)
9999 STOP

EⅣD

FUⅣCTIOⅣTERM(Ⅳ)
REAL*8 Ⅹ,TERM

X=DBLE(Ⅳ)
TERM=1.ODO/Ⅹ/SqRT(Ⅹ)
RETUR∬

EⅣD

SUBROUTIⅣE GEⅣRHO(ⅩⅩ,RHO,N,DMIⅣTOR,KOPT,ⅣMAX,ILL,TH)
REAL*8 DMIⅣTOR,ER,TH

REAL*8RHO(0:1,0:ⅣMAX)
REAL*8 DRHO,ⅩⅩ

KOPT=O

IF(Ⅳ.Eq.1)GO TOllO

KEⅣD=Ⅳ-1

DOlOIK=KEⅣD,0,-1

RHO(0,K)=RHO(1,K)
101COⅣTIⅣロE

llO COⅣTIⅣロE

RHO(1,0)=ⅩⅩ
IF(Ⅳ.EQ.1)THEⅣ
RHO(1,1)=-TH/ⅩⅩ
GO TO199

EⅣDIF

DRHO=RHO(1,0)-RHO(0,0)
ER=ABS(DRHO)
KOPT=O

IF(ER.LT.DMIⅣTOR)THEⅣ
ILL=1

GO TO199

EⅣDIF

RHO(1,1)=-TH/DRHO
KEⅣD=Ⅳ

DO121K=2,KEⅣD

DRHO=RHO(1,K-1トRHO(0,K-1)
ER=ABS(DRHO)
IF((ER.LT.DMIⅣTOR).AⅣD.(MOD(K,2).Eq.1))THEⅣ
KOPT=K-1

GO TO140

EⅣDIF

IF((ER.LT.DMINTOR).AⅣD.(MOD(K,2).Eq.0))THEⅣ
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ILL=1

GO TO199

EⅣDIF

RHO(1,K)=RHO(0,K-2)+(DBLE(K-1)-TH)/DRHO
121COⅣTIⅣロE

IF(MOD(Ⅳ,2).Eq.0)THEⅣ
EOPT=Ⅳ

ELSE

KOPT=Ⅳ-1

EⅣDIF

140 COⅣTIⅣUE

XX=RHO(1,KOPT)
199 RETロRⅣ

EⅣD

SUBROUTIⅣE MODAIT(ⅩⅩ,S,DS,Ⅳ,DMIⅣTOR,KOPT,ⅣMAX,ILL,TH)
REAL*8 DMIⅣTOR,TH,COEF

REAL*8 Wl,W2,ⅩⅩ

REAL*8 S(0:1,0:NMAX),DS(0:1,0:ⅣMAX)
KOPT=O

IF(Ⅳ.Eq.1)GO TOllO

EEⅣD=ⅠⅣT((Ⅳ-1)/2)
DOlOIK=0,EEⅣD

S(0,K)=S(1,K)
IF((MOD(Ⅳ,2).Eq.1).AⅣD.(K.Eq.KEⅣD))GO TOlOI

DS(0,K)=DS(1,K)
101 COⅣTIⅣUE

llO COⅣTIⅣロE

S(1,0)=ⅩⅩ
IF(Ⅳ.Eq.1)THEⅣ
DS(1,0)=ⅩⅩ
GO TO199

EⅣDIF

DS(1,0)=ⅩⅩ-S(0,0)
KEⅣD=ⅠⅣT(Ⅳ/2)
DOlllK=1,KEⅣD

Wl=DS(0,K-1)*DS(1,K-1)
W2=DS(1,K-1)-DS(0,K-1)
IF(ABS(W2).LT.DMIⅣTOR)TIEⅣ
ILL=1

GO TO199

EⅣDIF

COEF=(DBLE(2*K-1)-TH)/(DBLE(2*K-2)-TH)
S(1,K)=S(0,K-1)-COEF*Wl/W2
IF(Ⅳ.EQ.2*K-1)GO TOlll

DS(1,K)=S(1,K)-S(0,K)
111 COⅣTIⅣロE

120 KOPT=ⅠⅣT(Ⅳ/2)
140 COⅣTIⅣロE

XX=S(1,KOPT)
199 RETURⅣ

EⅣD
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